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1 INTRODUCTION 
1.1 Background 
Profit maximization of landowners was adopted in forestry in the 19th century, influ-
enced by economic liberalism and free-market economy (Puettmann et al. 2009 p.6, 
ref. Ruppert 2004). This had a great impact on forestry research, as new concepts and 
decision-making tools were needed. Before the time of industrialized forestry and 
profit maximization objectives, forests provided local people with timber and fuel 
wood (Mantel 1990, p.413) and harvesting was mostly unregulated (Puettmann et al. 
2009, p.11). Influenced by the new approach that viewed forest management activi-
ties as investments, even-aged management systems were developed in Central Eu-
rope in the beginning of the 19th century (Kenk 1994). Important contributions were 
the concepts of normal forest and the Faustmann formula, that have been in use ever 
since. Faustmann formula (Faustmann 1849) was created for calculating the value of 
bare forestland, when price of wood, stand volume, regeneration costs and interest 
rate are taken into account. Its main historical use though has been the assessment of 
economically optimal rotation age (Puettmann et al. 2009, p.6). It became a corner-
stone of forest economic research that has concentrated on applying optimal rotation 
models (Kuuluvainen et al. 2012). Assumptions behind the Faustmann formula – 
besides perfect markets for capital and forestland and constant interest rate, price of 
wood and regeneration costs (Kuuluvainen and Valsta 2009, p. 83–89) – include that 
forest stands are managed as even-aged cohorts with clear cutting, planting and a 
constant rotation age. Faustmann formula was applied particularly within an econom-
ic school of Bodenreinertragslehre, which focused on maximizing the internal rate of 
return in forestry (Mantel 1990, p.414). Another school of Waldreinertragslehre fo-
cused on maximizing annual profits (Puettmann at al. 2009, p.7). These two ap-
proaches, together with the concept of even-aged forestry, have been prevalent 
among forest science and policy in Europe and in North America to this day. 
However, also other approaches to forest management exist. Before even-aged man-
agement became a common practice, forests in Europe were managed applying ir-
regular shelterwood systems and selection cuttings (Kenk 1994, Siiskonen 2007). 
Selection cutting is a form of uneven-aged management, where trees of different siz-
es and ages grow together, and harvesting and regeneration take place simultaneous-
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ly. Despite the long history of selection forestry, research on uneven-aged manage-
ment started first at the end of 19th century (Pommering and Murphy 2004). A chal-
lenge in modeling uneven-aged management is the lack of clear cutting and distinct 
rotations.  Dynamics  of  a  complex  forest  structure  that  consists  of  several  age  and  
size classes that simultaneously regenerate, die and by human intervention are har-
vested, is clearly more demanding to model. Thus, more ecologically detailed models 
are required for describing such stand development. Growth and yield models for 
uneven-aged stands have been developed by a subgroup of forest scientists since 
1960s, and the work continues.  
In Finland, silvicultural practices are mainly based on even-aged forest management. 
The group of contemporary Finnish forest owners is more heterogeneous than before, 
and interests of forest owners have become more diverse. A movement away from 
economically driven management objectives has emerged among forest owners. Ac-
cording to a recent survey by Kumela and Hänninen (2011), 80% of Finnish forest 
owners are willing to consider applying uneven-aged management in their forests. 
One fourth (27%) of forest owners would be willing to immediately apply uneven-
aged management in their forests if the Finnish forest law was more permissive. 
Considering the vast amount of forest research conducted in Finland, relatively little 
knowledge exists of optimal uneven-aged forest management. At the beginning of 
year 2011 the Ministry of Agriculture and Forestry published a report expressing the 
need for further research on uneven-aged management in Finland (Metsänkäsitte-
lymenetelmien monipuolistaminen, 1/2011). As a response to the growing demand, 
the Forestry Development Centre Tapio is currently planning to add uneven-aged 
management into the Forest management practice recommendations by the year 2014 
(Metsävastaa.net 2011). The Finnish Forest Act is also under revision. A recent pro-
posal by the Ministry of Agriculture and Forestry suggests uneven-aged management 
to be accepted as a future forest management alternative – with certain restrictions 
concerning harvesting intensity (Metsänkäsittelymenetelmien monipuolistaminen –
jatkotyöryhmän muistio, 2012). Hence, a need for new research results exists. 
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1.2 Earlier research on uneven-aged forestry 
Models and approaches 
Analysis and research on uneven-aged forest management has been documented 
from late 19th century on (Knoke 2012). Before this, traditional selection forestry 
systems were long applied in Central European countries. Methods of continuous 
cover forestry were further developed by many European scientists from the begin-
ning of 20th century on (Pommering and Murphy 2004). The early contributions fo-
cused more on ecological aspects, such as growth and balanced stand structures. The 
economics of uneven-aged management has puzzled forest economists since 1950s 
(Hyytiäinen and Haight 2012). The first economic contributions included optimizing 
the level of growing stock (standing timber volume) in a balanced stand. Duerr and 
Bond (1952) applied marginal analysis for this. According to their result, growing 
stock is at the optimum level when the marginal value growth percentage of a stand 
equals discount rate. A step further was to define a steady state stand structure for an 
uneven-aged stand, when growth dynamics were included. A steady state indicates to 
an equilibrium forest structure that provides sustained timber yield and can be main-
tained over time. Usher (1966) determined a transition matrix model to predict a 
steady state for maximum sustainable yield (MSY). Transition matrix model was 
originally developed in population ecology in 1945 by a British ecologist, P.H. Leslie, 
to describe the development of animal populations in different age classes (Caswell 
2001, p.10). Usher applied this “Leslie matrix” model in forestry for tree size classes. 
He described a steady state stand structure for maximum sustained timber yield by 
determining the relationship between numbers of trees in different size classes. He 
however did not determine the actual number of trees in various size classes, that is, 
the optimal diameter distribution for MSY. Adams and Ek (1974) were the first to 
optimize the steady state diameter distribution, when maximizing the value growth of 
a stand, following Duerr and Bond (1952). They also optimized transition harvests 
from an initial stand state towards the steady state, when net present value (NPV) of 
harvesting revenues was maximized. Their work can be regarded as a pioneering 
contribution to dynamic optimization of uneven-aged stands. Due to the computa-
tional limitations of the 1970s, their optimal transition path was however limited to 
three harvests. Following Usher, Adams and Ek applied the matrix model approach. 
Their model was the first to apply nonlinear functions for describing both tree growth 
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and regeneration, thus taking into consideration that growth of trees and saplings is 
dependent on the surrounding stand density. Earlier, Usher (1966) had considered 
this density-dependency only in regeneration. 
Economic evaluation of uneven-aged management has usually been based on static 
optimization (Haight 1987). In a static optimization framework harvesting revenues 
from a predefined steady state are maximized. Often this predefined steady state has 
been some application of a classic “reversed-J curve” diameter distribution. Profita-
bility of different forest management regimes has commonly been determined by 
comparing the level of steady state harvesting revenues (Hyytiäinen and Haight 
2012). In addition to this static optimization approach, different forms of restricted 
optimization problems with transition harvest dynamics have been applied. These 
optimization problems feature constraints that are laid on the transition period and/or 
on the target steady state. Haight and Getz (1987) divided these approaches to fixed 
endpoint and equilibrium endpoint steady states. In a fixed endpoint problem a 
steady state with a target stand structure is predetermined, and it must be reached 
within a finite transition period. In an equilibrium endpoint problem a stand is con-
strained  to  be  in  a  steady  state  after  a  finite  period,  but  unlike  in  a  fixed  endpoint  
problem, the steady state stand structure is not specified. Thus, a fixed endpoint 
problem is more restricted than an equilibrium endpoint problem. 
One popular static optimization method among forest scientists has been an “invest-
ment efficient” approach that can be categorized under fixed endpoint problems 
(Getz and Haight 1989, p. 269). In the model, the stumpage value of a residual grow-
ing stock (after one transition cutting) is subtracted from the NPV of steady state 
harvests. The residual growing stock is considered as the capital investment in une-
ven-aged management. This capital investment has often been equaled to regenera-
tion costs in even-aged management. Consequently, investment efficient model has 
been used in profitability comparisons between even- and uneven-aged management 
regimes. 
As stated by e.g. Haight (1985, 1987), the true economic potential of uneven-aged 
management depends on the initial stand state, as well as on the transition harvests 
towards a steady state. These aspects are considered in a dynamic optimization 
framework. Haight (1985) and Getz and Haight (1989, p. 297) demonstrated that any 
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restrictions or constraints in the optimization procedure will result in solutions devi-
ating from the ones given by unrestricted dynamic optimization. Restricted optimiza-
tion methods can lead to under- or overestimations of the (economic) yield, and do 
not truly solve the optimal steady state. Thus, only an unrestricted dynamic optimiza-
tion problem, where NPV of transition and steady state harvests are optimized simul-
taneously, could expose the true economic potential of uneven-aged management. So 
far, stand level dynamic optimization has been applied for uneven-aged management 
in United States, Canada, China, Spain, Sweden and Finland (Hyytiäinen and Haight 
2012). The overall amount of conducted research based on dynamic optimization is 
not large – 19 papers listed by Hyytiäinen and Haight (2012) – and the majority is 
performed in United States. Most of these studies apply the transition matrix model. 
Another growth model applied for economic optimization of uneven-aged manage-
ment is an individual tree model (Kuuluvainen et al. 2012). It is more detailed, and 
thus computationally more challenging to apply. As transition matrix models de-
scribe stand development on the level of tree size classes, individual tree models do 
the same on the level of individual trees. In addition to these two approaches that 
require empirical-statistically estimated growth models, uneven-aged management 
has been analyzed by applying field experiments or inventory data (Knoke 2012, 
Kuuluvainen et al. 2012, Hyytiäinen and Haight 2012). However, long-term field 
experiments of uneven-aged stands are rare or non-existent in many countries. An 
advantage in applying stand level growth models is the long time frame that they 
enable for optimization (Valsta 2002). 
Nordic research 
In Nordic countries, four sets of growth models for uneven-aged stands exist: transi-
tion matrix model for Finnish Norway spruce (Picea abies L. Karsten) by Kolstöm 
(1993), matrix model for mixed tree species in Norway by Bollandsås et al. (2008), 
and two sets of individual tree growth models for Finnish Norway spruce, silver 
birch  (Betula pendula Roth) and Scots pine (Pinus sylvestris L.)  by  Pukkala  et  al.  
(2009, 2011a). 
Kuuluvainen  et  al.  (2012)  review  Nordic  studies  that  analyze  or  optimize  uneven-
aged management. These Nordic studies include applications of transition matrix 
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model, individual tree model and field experiments or inventory data. Volume pro-
duction and/or economic performance have been examined and compared with out-
comes of even-aged management. Out of 14 studies listed in Kuuluvainen et al. 
(2012), five have utilized field or inventory data, four the matrix model, and five an 
individual (or single) tree model. In addition, four recent studies applying the indi-
vidual tree model have later appeared (Pukkala et al. 2011b, 2011c, 2012 and Tahvo-
nen 2011). 
Out of eleven Nordic studies on the economics of uneven-aged management eight 
apply an optimization framework. Four studies are based on static optimization (in-
vestment efficient approach by Pukkala et al. 2010, 2011b, 2011c, 2012) and four on 
dynamic optimization (Wikstöm 2000, Tahvonen 2009, 2011, Tahvonen et al. 2010). 
Rest of the studies applies growth simulation for experimental sites or inventory data 
without real optimization. In Wikström (2000), an individual tree model is applied 
for uneven-aged Norway spruce in Sweden. Both dynamic and static optimization 
approaches are utilized for estimating economic performance. The static approach 
includes both fixed endpoint and equilibrium endpoint problems. Results of Wik-
ström support the conclusions of Haight (1985) and Getz and Haight (1989, p. 297), 
as dynamic optimization yields the highest economic outcome, and the fixed end-
point problem, being the most restricted of all three problems, generates the lowest 
economic yield. However, the dynamic optimization of Wikström still features nota-
ble constraints on thinning and stocking levels. The maximum thinning intensity is 
set to 30% of the stand basal area and the residual stand volume above 150 m3 per 
hectare. Of all Nordic optimization studies, only Tahvonen (2009, 2011) and Tahvo-
nen et al. (2010) have applied general, unrestricted dynamic optimization. In these 
papers on Finnish uneven-aged Norway spruce stands no restrictions on transition 
harvests or the steady state have been employed. 
Overall, comparisons between results of different studies must be made with caution 
due to a wide variety of methodological approaches and restrictions applied in a pos-
sible optimization framework. 
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Research on Scots pine 
Research  on  uneven-aged  Scots  pine  has  been  conducted  at  least  in  Norway,  Spain  
and Finland. Bollandsås et al. (2008) predicted the growth of uneven-aged mixed 
species stands in Norway, including Scots pine, by estimating growth parameters for 
a transition matrix model. Buongiorno et al. (2012) apply this model in optimizing 
management regimes for maximum timber revenues, carbon sequestration and spe-
cies diversity in uneven-aged stands in Norway. The authors apply the static invest-
ment efficient approach in their optimization. Xabadia and Goetz (2010) optimized 
selective cutting regimes for uneven-aged Scots pine stands in Spain. Their model 
works on an individual tree level, but applies another method, a specific numerical 
integration technique called Escalator Boxcar Train, to illustrate optimal stand devel-
opment. Trasobares and Pukkala (2004) described optimal management of uneven-
aged Scots pine and Black pine (Pinus nigra) in north-east Spain by applying an (in-
dividual tree) growth simulation program and the static investment efficient approach. 
In Finland, individual tree growth models for uneven-aged Scots pine stands have 
been developed by Pukkala et al. (2009, 2011a). Pukkala et al. (2010, 2011b, 2011c, 
2012) utilize these growth models together with the static investment efficient ap-
proach in optimizing Finnish uneven-aged Scots pine stands. The authors employ a 
classic reversed-J curve diameter distribution as an assumption of the optimal steady 
state stand structure. Hence, their optimization method represents a static fixed end-
point problem. 
It appears that no unrestricted dynamic optimization on uneven-aged Scots pine has 
yet been performed. In United States, Haight (1987) optimized uneven-aged ponder-
osa pine (Pinus ponderosa) stands in Arizona, and Haigh and Monserud (1990) une-
ven-aged mixed conifer-stands in Northern Rocky Mountains by applying individual 
tree growth model together with unrestricted dynamic optimization. Same theoretical 
framework will be applied for Finnish uneven-aged Scots pine in this thesis. 
 
1.3 Purpose of the study 
In Nordic countries research on uneven-aged management has mostly focused on 
Norway spruce (Kuuluvainen et al. 2012). As uneven-aged management relies on 
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natural regeneration, Norway spruce as a shade tolerant species has been regarded as 
the most potential tree species to adapt to continuous cover management. Nonethe-
less, Scots pine is the dominant tree species in Finland covering half of the total tim-
ber stock volume (Finnish Forest Research Institute 2011). Yet, studies on economi-
cally optimal uneven-aged Scots pine stands in Nordic countries are rare. So far, only 
one Finnish research group has published results on the economics of pure uneven-
aged Scots pine stands (Pukkala et al. 2010, 2011b, 2011c, 2012). Optimization in 
these studies has been conducted in a restricted, static framework, which includes a 
risk of under- or overestimations in the economic yield. 
The aim of this thesis is to contribute to the shallow knowledge and understanding of 
the dynamics of uneven-aged Scots pine stands in Finland. By applying theoretically 
sound methods and latest growth models, the purpose is to define economically op-
timal stand structures and harvesting cycles for Finnish uneven-aged Scots pine. 
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2 THEORETICAL FRAMEWORK 
2.1 Definition and application of uneven-aged forestry 
An uneven-aged structured forest contains trees of different ages and sizes. General 
features for uneven-aged forest management, or continuous cover forestry (CCF) are 
avoidance of clear cutting and planting (e.g. Pommering and Murphy 2004). Repro-
duction is based on natural regeneration, and harvesting and regeneration take place 
simultaneously. Smith et al. (1997, p.364) define uneven-aged stands as stands hav-
ing at least three “well-defined” age-classes growing on the same area. Within CCF, 
different silvicultural methods exist. Trees can be harvested individually or in groups 
to create gaps to enhance regeneration (Puettmann et al. 2009 p.23). A classic type of 
selection  forestry  (in  German “Plenterwald”),  which  was  applied  in  Central  Europe  
already in the 19th century, is based on single-tree selection (Valkonen 2010, p. 16). 
Besides  this  specific  type  of  selection  forestry,  CCF  also  includes  a  range  of  other  
methods that aim at preserving a permanent tree cover in a forest (Knoke 2012, 
Pommering and Murphy). 
Smith et al. (1997, p. 366–371) define three silvicultural methods for uneven-aged 
stands. In the classic single-tree selection system single, mostly full-grown trees are 
harvested. According to the authors, this method is not suitable for shade-intolerant 
tree species, as the openings remain too small for effective regeneration to take place. 
For  such  tree  species  a  more  suitable  method  is  a  group-selection  system,  where  a  
group of usually oldest trees are removed. The bigger the opening, the better are pre-
conditions for regeneration. A third method is a strip-selection system, where stands 
are harvested in form of strips. The cut strips enable regeneration, and create a trans-
portation path for logs. In all methods, according to Smith at al., harvests are focused 
on the biggest trees representing the oldest age class. If necessary, some additional 
thinning can be conducted. Puettmann et al. (2009, p.23) and Helms (1998) again 
suggest, that all size classes can be harvested. Single-tree and group-selection sys-
tems are the most common methods presented in literature for uneven-aged man-
agement. 
The diameter distribution of an uneven-aged stand is often described by a reversed-J 
curve,  that  originally  was  discovered  by  a  French  forester  De  Liocourt  in  1898  
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(Pommering and Murphy 2004). According to this idea, the number of trees in dif-
ferent diameter classes forms a negative exponential curve (figure 1). De Liocourt 
also discovered that in a sustainably structured stand the number of trees in two adja-
cent diameter classes equaled some constant ratio, which was named the q-ratio 
(Peng 2000). A Swiss immigrant to the USA, H.A. Meyer, developed the idea of De 
Liocourt further and popularized the concept of a “balanced stand” that was based on 
the idea of reversed-J curve (O’Hara 2002). He applied the q-factor to describe the 
diameter distribution of a balanced stand. According to him, balanced stands with 
some constant q-ratio were capable of producing constant yield without changing the 
stand structure, thus remaining in a state of equilibrium (O’Hara 2002). Meyer (1952) 
concluded, after studying old natural stands in North America, that a balanced q-ratio 
varies between 1.2 and 2 (Smith et al. 1997, p.376). 
The reversed-J diameter distribution as a steady state solution became widely 
adapted in forest sciences, and it has been commonly applied to this day. Departing 
from the application of q-ratio, Smith et al. (1997, p.23–25) exhibit another defini-
tion for a balanced stand, according to which different age/size classes occupy an 
equal amount of growing space in a balanced stand. This also results in a reversed-J 
shaped stand structure, as a multiple amount of young saplings are needed to cover 
the growing area of one big tree. Smith et al. state that only a balanced uneven-aged 
 
 
Figure 1. An example of a reversed-J diameter distribution. Amount of trees decreas-
es in line with an increase in tree diameter. 
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stand, where each age class occupies the same growing area, can function as a “self-
contained, sustained-yield unit.” 
As demonstrated e.g. by O’Hara (2002) and O’Hara and Gersonde (2004), the ideal 
of an equilibrium, where volume yield equals volume growth, does not always hold 
in practice. In addition, the optimal stand structure depends on management objec-
tives. Smith et al. (1997, p. 23, 381) suggest an irregular uneven-aged stand structure 
for cases when other objectives than sustainable yield are considered. These stands 
do not contain all necessary age classes in order to sustain stability, and the diameter 
distribution can have variable forms. Tahvonen (2011) showed by applying individu-
al tree growth model and dynamic optimization, that an economically optimal steady 
state diameter distribution for uneven-aged Norway spruce clearly deviates from the 
ones given in literature, resulting in a serrated form. This thesis also shows optimal 
stand structures for Finnish uneven-aged Scots pine, that deviate from the ones sug-
gested in literature. Concurring with O’Hara and Gersonde (2004), the optimal stand 
structure varies depending on the management objective. 
Single-tree selection evolved in the alpine regions of Central Europe, where continu-
ous cover forestry provided – besides timber and firewood – an important protection 
against avalanches and erosion (Puettmann et al. 2009, p.13, 34). An important con-
tribution  to  the  development  of  singe-tree  selection  systems was  a  planning  system 
called control or check method for sustainable maximum yield, developed by a Swiss 
forester Biolley and his colleague (Pommering and Murphy 2004). Aforementioned 
Swiss H.A. Meyer conducted research on unmanaged uneven-aged stands, and deliv-
ered many ideas from Europe to USA (O’Hara 2002). Forestry and uneven-aged 
management in North America is strongly influenced by European silviculture, since 
many of the first foresters in USA were Europeans, or trained in Europe (Puettmann 
et al. 2009, p.25). 
After a period of enthusiasm in the beginning of 20th century, the popularity of CCF 
declined. It was revived again around 1980’s when environmental issues became 
under debate (Pommering and Murphy 2004). After large windstorms in Central Eu-
rope in 1990, close-to-nature forestry movements that promoted CCF gained growing 
interest and visibility (Puettmann et al. 2009, p.39). Scientists in North America be-
came aware of the important role of natural disturbances in maintaining forest biodi-
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versity and variability, and subsequently the approach has spread worldwide (Kuulu-
vainen 2002). According to recent Finnish results, the intermediate disturbance scale 
of selection cutting simulates natural disturbances better than even-aged forestry, and 
can maximize biodiversity and species richness in managed Nordic forests (Kuulu-
vainen et al. 2012). However, as reminded by Puettmann et al. (2009, p.35), envi-
ronmental or aesthetic objectives that currently characterize the discussion on CCF, 
were not the original goals of this management regime. Initially, CCF was applied in 
order to gain highest possible timber yield. 
Uneven-aged  forest  management  has  its  roots  in  Central  Europe,  from where  it  ex-
tended to USA. In Central Europe, it is applied in parts of Switzerland, southeastern 
France and in southwestern Austria and Germany, particularly in the Black Forest 
(Kenk 1994). In USA, some unsuccessful CCF trials were conducted with Douglas 
fir in the Pacific Northwest in the beginning of 1930s, after which clearcut forestry 
was  adopted  as  the  best  management  alternative  (O’Hara  2002).  Puettmann  et  al.  
(2009, p.27) state, that this failure was largely a result of misinterpretation of Ger-
man nomenclature in America that caused a too narrow implementation of selection 
cuttings. More successful stories with selection forestry have occurred in northeast-
ern America and eastern Canada with mixed broadleaved forests, in western North 
America with ponderosa pine, and in the southern region, Arkansas, with loblolly 
and shortleaf pines (Kenk 1994). According to Siiskonen (2007), selection harvesting 
was a traditional and common silvicultural method in Fennoscandia already in the 
19th century. In addition to the household needs, timber was required for tar burning, 
mining industry and a growing sawmill industry. Since not always enough attention 
was paid to sustainable regeneration, the diameter limit cutting was banned officially 
in 1948 in Finland, and in 1950 in Sweden (Kuuluvainen et al. 2012). Since then, the 
application of uneven-aged management has been marginal in Finland. A new inter-
est in the method is though rising among forest owners. Overall, the success and 
popularity of uneven-aged management have fluctuated over time, both in Europe 
and in USA (O’Hara 2002, Pommering and Murphy 2004). 
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2.2 Ecological growth models for uneven-aged stands 
Growth and yield models have been developed, already since 1850s, to describe for-
est dynamics in order to estimate future yield and investigate management alterna-
tives and silvicultural options (Peng 2000). Since even-aged stands are composed of 
mainly trees of the same age, their growth is naturally easier to model. Compared to 
the variety of existing even-aged models, the amount of growth and yield models for 
uneven-aged stands is much smaller. According to Peng (2000), this follows from 
lack of research efforts, scarcity of suitable data and a whole different modeling phi-
losophy. 
Optimization of uneven-aged management requires growth models that can describe 
the development of either merely uneven-aged stands or both even- and uneven-aged 
stands (Kuuluvainen et al. 2012). Even-aged models are far too simplistic to describe 
the complex dynamics of CCF. Most common growth and yield models for uneven-
aged stands are transition matrix models and individual tree models, which are intro-
duced next. 
Transition matrix model 
Transition matrix models describe the recruitment, growth and mortality of tree size 
classes in a stand. Trees are categorized in size classes based on their diameter at 
breast height (dbh). Each size class is represented by average height, volume and 
number of trees (Hyytiäinen 2003). Growth is described as transition of tree size 
classes from the present size class to the next in a given period. Recruitment and sur-
vival functions determine ingrowth (new trees entering the smallest size class) and 
mortality (Hyytiäinen 2003). Thus, the development and state of a stand are defined 
by numbers of trees in different size classes. Harvesting is included as a control vari-
able when some objective is maximized. 
Getz and Haight (1989, p.230–239) describe two types of matrix models, a linear 
(density-independent) and a nonlinear (density-dependent) model. In linear matrix 
models regeneration and growth of trees are taken as linear functions. In that case no 
interdependence exists between growth of trees and density of the surrounding stand. 
A more realistic description of stand growth is given by nonlinear matrix models, 
where growth and regeneration of trees are dependent on stand density. Nonlinear 
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growth models thus take into account stand density effects on growth of trees. The 
denser a forest is the more competition occurs, and the greater is the effect on growth. 
Stand density can be described by stand basal area, number of trees and total cross-
sectional crown area of the stand (Getz and Haight 1989, p.237). The first application 
of density-dependency in stand growth modeling is from Usher (1969), where regen-
eration  is  presented  as  a  function  of  harvested  trees  and  their  size.  Adams  and  Ek  
(1974) were the first to apply density-dependent growth functions for both regenera-
tion and growth of trees. 
The advantage of transition matrix models is the ability to generate detailed infor-
mation about stand structures with only overall stand values (Peng 2000). According 
to Getz and Haight (1989, p.258–259), matrix models have a computational ad-
vantage, since less state variables and growth equations are needed. Although more 
detailed individual tree models can predict stand development with higher accuracy, 
matrix models can be more tractable in management analysis. 
Individual tree model 
As transition matrix models describe stand development by tree size classes, individ-
ual (or single) tree models do the same on the level of individual trees.  State varia-
bles characterizing single trees can include besides tree diameter, also height and 
crown ratio (Hyytiäinen 2003). Trees are not categorized in diameter classes, like in 
matrix models. Single trees represent the basic units, whose regeneration, growth and 
mortality are simulated and summed to produce stand level values (Peng 2000). Thus, 
individual tree models include more detailed tree characteristics that can produce 
more detailed stand description. 
According to Getz and Haight (1989, p.240) single tree models can be divided in 
distance-independent and distance-dependent models. In distance-dependent models 
locations of single trees relative to their neighbors are taken into account. Infor-
mation on spatial locations of trees is needed, which makes the modeling demanding 
due to a large database required. In distance-independent models development of 
trees is not dependent on their neighbor trees, but on stand density variables. 
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In this thesis a distance-independent individual tree model is applied together with 
nonlinear growth functions estimated for Finnish uneven-aged Scots pine stands. 
Next, the model is introduced in more detail. 
Pukkala et al. (2009) estimated the first individual tree growth models for uneven-
aged Norway spruce, Scots pine and Silver birch stands in Finland. The growth func-
tions include descriptions of ingrowth (number of new trees entering the first 
age/size class), diameter increment (growth), diameter of ingrowth trees (size of new 
trees entering the first age class), survival and height of trees. The growth models are 
based on three data sets with round 50 000 diameter growth measurements, including 
three long-term field experiments (234 plots with uneven-aged management, 158 
plots with heterogenous stand structures) and sample plots of the third National For-
est Inventory (Pukkala et al. 2009). A minimum diameter limit of 5 cm was applied 
in data measurements. As stated by the authors, the weakest part of the model set is 
ingrowth, due to a limited amount of observations. 
Another set of individual tree growth models were fitted by Pukkala et al. (2011a) in 
order to obtain more reliable estimates particularly for ingrowth, which is a funda-
mental factor in successful uneven-aged forestry. Together these two sets of growth 
models represent, for the time being, the only existing individual tree growth models 
for uneven-aged stands in Finland. The new models are based on 140 measurement 
plots in Southern and Central Finland, and the diameter limit for ingrowth is reduced 
from 5 cm to 0.5 cm. Hence, much smaller trees are included in growth predictions. 
Although the data and modeling methods are different, Pukkala et al. obtain similar 
predictions for growth and mortality with both model sets. The biggest difference 
occurs in ingrowth. Thus, Pukkala et al. (2012) suggest that best results for predict-
ing the development of uneven-aged stands are gained by applying old models for 
growth and survival, and the new model for ingrowth. The older model for diameter 
of ingrowth trees is not mentioned in this context, where the size of ingrowth trees is 
measured from trees bigger than 5 cm. However, as the combination of older growth 
models and the new ingrowth model is confirmed by the author1, the model combina-
tion is applied in this work. 
                                                             
1 Personal communication with T. Pukkala, October 17th 2011 
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Forest site types Myrtillus (MT)  and  Vaccinium (VT)  are  considered  in  this  thesis.  
Time period used is 5 years. Trees are not categorized in size classes as in transition 
matrix models, but by age classes. They are determined in 5-year periods, starting 
from ingrowth. Thus, age of trees refers to the age after ingrowth. 
Model for ingrowth, that is, number of new trees passing a 0.5 cm diameter limit 
during the next 5-year period, is 
????,??? ? ????????????????????????????????? , 
where ? is ingrowth and Bt the total stand basal area. Variable MT- indicates the fer-
tility of the growth site. Stand density is given by xt and dt, where xt is the number of 
trees in each age class in period t, and dt their diameter in period t. In this model set-
ting, the state variable characterizing single trees is their diameter (d). Other possible 
state  variables  are  height  and  crown  ratio  (Hyytiäinen  2003),  that  however  are  not  
applied in here. The density-dependency of ingrowth follows since ingrowth is a 
function of stand density, where regeneration depends on the number and size of 
trees in a stand, further defined by total basal area (Bt). 
Diameter increment (growth) of trees in age class s (?s) for site type MT is 
?????,??? = 1.110???????????????????????????????????????????????????? ???????????????????  , 
where Bst is the basal area of trees larger than the subject tree, dst is the tree diameter 
at breast height (cm) and Tsum the temperature sum. Temperature sum indicates the 
daily mean temperature above +5°C summed over the growing season, and it is ex-
pressed in degree days (dd). Thus, growth of trees in age class s is a function of stand 
density (xt, dt): it depends on total basal area (Bt), basal area of larger trees (Bst), tree 
diameter (dst) and temperature sum (Tsum), which indicates the geographical location 
of the growth site. Growth model for site type VT is obtained by changing the pa-
rameter value -0.238 with -0.333, indicating slower growth on a less fertile site type. 
Diameter of ingrowth trees for site type MT is given by 
?????,??? ? ???????????????????????? , 
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where the size of the youngest trees entering the first age class (?0) depends on total 
stand basal area (Bt) and growth site. By changing the parameter value -0.0425 with -
0.0556, model for site VT is attained. It is noteworthy, that the limit for ingrowth 
diameter in this model is 5 cm, as defined in the first growth model set by Pukkala et 
al. (2009). Hence, only trees bigger than 5 cm are included in optimization. 
Survival model for both site types is 
?????,??? = ?1 + ???????????????????????????????? . 
It  gives  the  fraction  of  trees  that  survive  over  the  next  5-year  period.  Tree  survival  
depends on the diameter (d) of a subject tree and on the basal area of trees larger than 
the subject tree (Bst). The bigger the trees grow, the better they survive. 
All aforementioned growth models are nonlinear functions of stand density. Finally, 
the  height  of  trees  is  given  as  a  function  of  their  diameter.  For  site  type  MT  the  
height model is 
???(d??) = ??????????? ??
???
?
??? ??
???
?
?
  .   
Changing the value of the numerator (32.694) with 31.39 generates a height model 
for site type VT. Thus, on less fertile sites trees of a certain diameter remain shorter 
(Pukkala et al. 2009). 
The growth functions presented above are applied in an individual tree optimization 
framework that is introduced in the next section. 
 
2.3 Economic optimization models for uneven-aged forestry 
Investment efficient approach 
Constant  timber  flow  has  traditionally  been  a  main  target  in  forestry  (Getz  and  
Haight 1989, p.267). Continuous cover forestry was originally applied to satisfy this 
demand (Puettmann et al. p.35). A substantial share of economic studies on uneven-
aged management has focused on optimizing steady state revenues by static optimi-
zation. In a static approach, incomes from a predefined steady state with constant 
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income level are observed. A widely used, static approach for calculating profitabil-
ity of CCF is an investment efficient model (Knoke 2012). Getz and Haight (1989, p. 
269) categorized investment efficient approach to the group of fixed endpoint prob-
lems, where a target stand state and a transition period towards it are predetermined. 
The advantage of this widely used model has been its assumed simplicity. Until now, 
it has been the only economic approach applied for optimizing Finnish uneven-aged 
Scots pine stands. 
Pukkala et al. (2010, 2011b, 2011c, 2012) apply an investment efficient model for 
calculating net present value for optimal uneven-aged Scots pine stands in Finland. 
The objective function of their investment efficient approach is 
NPV? = ??????)??? ? ??,     (1) 
where NT is net income obtained at T-year intervals, T is cutting cycle, i is discount 
rate and CT the stumpage value of the post-thinning stand. In their model, C stands 
for  “the  difference  in  net  income  between  the  clearfelling  and  selection  felling  op-
tions” (Pukkala et al. 2010). It is the stumpage value of the growing stock that is left 
uncut, after one transition harvest, for the purpose of applying continuous forestry. C 
is taken to be the capital investment in uneven-aged management, and calculated 
simply by subtracting net roadside (or stumpage) value of selection harvest from the 
net roadside (stumpage) value of clearfelling. 
A similar model formulation has been presented earlier by many forest economists, 
e.g. by Chang (1981) and Bare and Opalach (1987). The investment efficient ap-
proach rests upon the marginal analysis of Duerr and Bond (1952) that equates the 
marginal value growth percentage of a stand to the discount rate, when stocking is at 
the optimum level (Getz and Haight 1989, p. 269–270). The marginal analysis has 
also been applied for even-aged management. Oderwald and Duerr (1990) apply it 
for a “divisible forest” with interdependent units, resulting in shorter optimal rotation 
than the Faustmann rotation. Tahvonen and Viitala (2006) discuss the theoretical 
imperfections of the marginal analysis approach. These imperfections are analogous 
to even- and uneven-aged management. The critique applies also to the investment 
efficient model by Pukkala et al. presented above (equation 1). 
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In  equation  (1),  the  “investment  cost”  (term  C)  does  not  include  the  value  of  bare  
forestland, but only the value of standing trees. Hence, the “capital investment” in 
uneven-aged management equals merely the liquidation value of the remaining stock. 
In addition, the value of the residual growing stock should also be discounted. The 
approach is static by its nature, as it discounts only steady state incomes, and as-
sumes the transition towards a steady state to be accomplished by only one thinning. 
As stated by Pukkala et al. (2010), their optimization method applies only for stands 
that already are uneven-aged structured. In addition, the authors apply a steady state 
constraint, according to which the post-thinning stand structure equals a Weibull 
distribution. The Weibull distribution is applied as an approximation of a reversed-J 
diameter distribution. For simplicity, the parameters of a Weibull distribution func-
tion  are  used  as  decision  variables  in  the  optimization,  instead  of  using  numbers  of  
trees harvested from each age class. Applying such an economic evaluation, both the 
steady state structure and the economic potential of uneven-aged management will 
deviate from the theoretically correct solutions (Getz and Haight 1989 p. 272, Kuul-
uvainen et al. 2012, Tahvonen 2011). As shown in Tahvonen (2011), application and 
optimization of a Weibull distribution decreases the economic return. Yet, the in-
vestment efficient approach by Pukkala et al. (2010) results in higher NPVs than 
optimization conducted in a general dynamic framework. 
Next, a general economic optimization method is introduced, where no constraints on 
the transition cuttings or the steady state are employed. 
General economic optimization framework 
According to Haight (1985), uneven-aged forest management is a dynamic process, 
as the stand structure changes over time along with harvests. Thereby it should be 
optimized in a dynamic framework, which includes optimizing both transition and 
steady state cuttings simultaneously. Utilization of this approach was scanty for a 
long time due to the large amount of decision variables involved (Hyytiäinen and 
Haight 2012). As technique for mathematical programming evolved, solving dynam-
ic optimization problems became easier. An example of this is Adams and Ek (1974), 
who as first solved optimal transition harvesting strategy towards a predefined steady 
state, when NPV of harvests was maximized. Due to the computational limitations of 
 20 
 
the 1970s, more than three transition harvests were impossible to solve (Hyytiäinen 
and Haight 2012). 
Haight (1985) showed that the static investment efficient model and dynamic optimi-
zation neither result in the same steady state stand structure, nor in an equal econom-
ic yield. Since a steady state is usually reached later in a dynamic framework, its re-
turn is discounted more, which decreases the NPV of equilibrium harvests. Neverthe-
less, this “loss” can be compensated by the discounted revenues from transition har-
vests. This outcome has also been stated e.g. in Getz and Haight (1989, p. 297). Tah-
vonen (2011) illustrated for the case of uneven-aged Norway spruce in Finland, that 
a static investment efficient model clearly overestimates economic performance, 
when compared to results obtained by dynamic optimization. According to Knoke 
(2012), dynamic optimization can be regarded as “the most sophisticated among the 
known approaches to analyze the economics of CCF.” 
Following the reasoning of Haight (1985), a general dynamic optimization frame-
work is applied in this thesis. Both transition and steady state harvests are optimized 
simultaneously. No restrictions on the transition period or the steady state structure 
are laid. This setting presents an any-aged management problem. The any-aged man-
agement problem is to determine optimal harvesting (and planting) sequence for an 
existing stand over an infinite time horizon, without applying any constraints on 
stand size or age structure (Haight and Monserud 1990). Without constraints direct-
ing the solution towards even- or uneven-aged management, optimal management 
regime and stand structure can take any form between these regimes. This naturally 
requires growth and yield functions that are valid for both schemes. Tahvonen (2009, 
2011) and Tahvonen et al. (2010) applied this framework for Finnish uneven-aged 
Norway spruce. For Finnish uneven-aged Scots pine, only an investment efficient 
model has so far been applied (Pukkala et al. 2010, 2012). 
The objective function for maximizing present value of stumpage revenues over an 
infinite horizon is given as 
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 ???
?????????,…???????,…?? ? ? ????? ? ??? ?????????????????? ? ?????????????????????? ????
?
 
      (2) 
subject to 
??? ????      (3) 
?????? ? ????,???? ? = 0,1, …    (4) 
???????? ? ?????(??? ??)? ???? ? = 1, …?? ? = 0,1, …   (5) 
 
??? ????      (6) 
?????? ? ?????,???? ? = 0,1, …    (7) 
???????? ? ??? ? ??(??? ??)? ? = 1, …? ? 1, ? = 0,1, …  (8) 
?? ? 0      (9) 
?? ? 0, ? = 0,1, …     (10) 
?? = 0? ????? ? ?, 2?, 3?… ,??????? ? ???????????????.  (11) 
In the maximization problem (2) p1 and p2 refer to the price of saw logs and pulp 
wood, respectively, v1 and v2 refer to the associated volumes (as a function of tree 
diameter, d), hst denotes the harvested trees in a given age class s and period t, and bt 
is the discount factor (b=1/1+r), where r refers to the interest rate. Revenues are max-
imized over all age classes s=1…n over  an  infinite  time  horizon  t??.  The  power  
coefficient q describes the linearity of the objective function, as 0<q?1. When q=1, 
objective function is linear. When 0<q<1, objective function becomes nonlinear and 
concave. An additive nonlinear approach is applied to ease the computation proce-
dure  due  to  the  complex  nature  of  the  optimization  problem.  It  does  not  affect  the  
steady state result, but facilitates finding it. 
A density-dependent individual tree model framework (3)–(8) operates as a set of 
constraints for the maximization problem. Thus, revenues can be maximized only 
within the limits of growth dynamics. Individual tree model is formulated as a set of 
difference equations. In equation (3), vector x0 is the initial number of trees in differ-
ent age classes, which is given. Equations (4)–(5) describe how the number of trees 
(x) develop in a given age-class s during period t. Equation (4) gives the number of 
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trees entering the first age class (x1) during a 5-year period, which equals the in-
growth function ? (xt, dt) (page 16). Equation (5) gives the number of trees in all oth-
er age classes (xs+1) in the beginning of the following period (t+1). Here, ?s(xt, dt) is 
the survival function (page 17) denoting the fraction of trees that survive in age class 
s during period t.  When  multiplying  this  with  the  current  number  of  trees  (xst) and 
subtracting trees that are harvested at the end of the period (hst), equation (5) gener-
ates the number of trees in the next age class in the beginning of next period (xs+1,t+1). 
In equation (6), vector d0 is the initial size of trees in different age classes, which is 
given. Equations (7)–(8) describe the growth of trees in a given age-class s in a given 
time period t, defined as diameter increment. Equation (7) presents the size of trees 
entering the first age class (d1), which equals the function for diameter of ingrowth 
trees, ?0(xt, dt) (page 16). The limit for ingrowth diameter within the model is 5 cm. 
Equation (8) determines the size of trees in all  other age classes (ds+1) in the begin-
ning of next period (t+1), where ?s(xt, dt) defines the growth of trees during one peri-
od. It is added to the existent diameter of trees (dst), resulting in their size in the be-
ginning of next period (t+1). 
Hence, the growth functions presented in previous section (2.2) are applied within 
this individual tree model framework. Harvesting occurs always at the end of a peri-
od. As the model is density-dependent, ingrowth, survival and growth of trees are 
given as functions of stand density (xt, dt). 
Equations (9) and (10) are necessary non-negativity constraints, indicating positive 
number of standing and harvested trees. Equation (11) allows harvesting to take 
place only every k??1 periods. Harvesting interval is not endogenous in the model. 
Thus, optimization will be conducted for different harvesting intervals by varying k. 
Stumpage prices (p1, p2) applied for saw timber and pulp wood are €45 and €13 per 
cubic meter, respectively. Harvesting costs are excluded in all computations. Hence, 
the  aim is  to  maximize  present  value  of  stumpage  revenues  of  a  stand.  Yield  func-
tions for saw timber and pulp wood are presented in appendix V. They are based on a 
computation procedure of Heinonen (1994) estimating stand timber volume. Mini-
mum length for saw logs is 3.1 meters and maximum 6.1 meters. Minimum diameter 
for saw logs and pulp wood logs are 15 cm and 6 cm, respectively. 
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Both maximum revenues and maximum volume yield are optimized in a general dy-
namic framework. In addition to the dynamic framework, steady states are computed 
for maximum volume yield and maximum annual revenues in a static optimization 
framework. Objective function for maximum steady state volume yield with a 5-year 
harvesting cycle is 
 ??????????,…,??? ?  ? [??(????) ? ??(????)]???? ?? ?   (12) 
subject to 
?? ? ?(???)      (13) 
???? ? ????(???) ? ??? ? = 1, … ,?    (14) 
?? ? ??(???)     (15) 
???? ? ?? ? ???(???)? ? = 1, … ,? ? 1    (16) 
? ? 0,? ? 0      (17) 
???? ? ???      (18) 
???? ? ??.      (19) 
As volume yield is maximized, no timber prices are included in the objective func-
tion (equation 12). In addition, the time horizon (t) and initial numbers (x0) and sizes 
of trees (d0) are excluded, since the time frame in the optimization is only one period 
(5  years),  and  no  transition  cuttings  from an  initial  stand  towards  a  steady  state  are  
considered. Forest stand is assumed to be in a steady state (equations 18 and 19), 
where harvest equals growth after each period. Optimization generates the steady 
state based on the given growth dynamics, harvesting regime and objective to be 
maximized. Otherwise, the individual tree growth model is equivalent to the one pre-
sented earlier. 
Objective functions for steady state maximum annual volume yield and maximum 
annual revenues over different harvesting cycles are presented in appendices I and III. 
These are computed in order to determine the harvesting cycles that maximize steady 
state volume yield and harvesting revenues. 
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Optimization method 
The optimization problem illustrated above is a large-scale nonlinear problem, and 
virtually impossible to solve analytically. Hence, numerical computation is applied. 
This is performed by using advanced Knitro optimization software with gradient-
based, interior point algorithms for solving differentiable functions, and AMPL mod-
eling language. The optimization problem exemplifies a complex optimal control 
problem with number and size of trees (xt, dt) representing the state variables, and the 
number of trees cut from each size class (hst) the control variable. The number of age 
classes (defined in 5-years) applied in the optimization is twenty, which is enough to 
ensure it will not restrict optimal solutions. Consequently, with 40 state variables and 
20 control variables, optimization may yield several locally optimal solutions. Global 
optimum is found among various possible local optima by using several dozens of 
random initial guesses, until the objective value does not increase. As infinite time 
horizon problems are impossible to compute numerically, maximization problems 
are solved applying finite time horizon. To obtain an infinite horizon approximation, 
the time horizon in computations is extended until a steady state or a stationary cycle 
is found (i.e. to several hundred or thousand years). 
Due to the complex nature of the dynamic optimization problem, an additive nonlin-
ear approach is applied to ease the computation procedure. Results for dynamic op-
timization problems are computed applying both linear and nonlinear objective func-
tions. With a linear objective function (q=1, equation 2) mere stumpage revenues are 
maximized. A nonlinear, concave objective function (0<q<1, equation 2) again max-
imizes smooth, near future incomes. This distinction can be interpreted by consider-
ing the objective function as a utility function of harvesting revenues in time. With a 
linear utility function a forest owner is indifferent to the timing of income flow. A 
concave utility function again equals decreasing marginal utility from harvesting 
revenues in time. Applying this interpretation to even- and uneven-aged management, 
it could be argued that a forest owner preferring uneven-aged management has a non-
linear utility function, since more frequent but lower harvesting revenues are favored. 
Altogether, the steady state solution does not depend on the linearity of the periodic 
objective function.  
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3 RESULTS  
3.1 Maximizing steady state volume yield 
A simple  start  is  first  to  define  a  steady  state,  when volume yield  is  maximized.  In  
this  approach  transition  harvests  towards  a  steady  state  are  ignored.  A  steady  state  
stand structure for a 5-year harvesting cycle is optimized. Since volume yield is max-
imized, no economic parameters are included. Objective function is presented in 
equations 12–19 (previous chapter). Volume yield maximization is examined 
through two different objectives: maximum total yield and maximum saw timber 
yield.  Forest  site  types  studied  are  MT  (Myrtillus)  and  VT  (Vaccinium). The tem-
perature sum interval observed is from 1300 to 1100 degree days, which covers the 
area of Southern and Central Finland. The ingrowth function applied holds only for 
these temperature sums. Hence, Northern parts of Finland are omitted here. 
Total yield 
Table 1 presents steady state results for maximum total yield. All results are given 
per hectare. Results vary with site type and thermal zone. Total and saw timber yield 
vary from 9.1 to 6.9 m3 and 2.5 to 2.1 m3, respectively. As expected, yield decreases 
towards lower site fertility. Simultaneously, the age of harvested trees increases. On 
less  fertile  sites  trees  grow  longer  before  they  are  harvested.  During  this  time  they  
also can grow somewhat bigger. Basal area and standing volume also increase, when 
moving towards less fertile sites. Explanation for this can be seen in figure 2, which 
illustrates steady state stand structures for different site types. 
 
Table 1. Optimal steady states for maximum total yield. Results are given per hectare. 
Site Total 
yield, 
m3a-1 
Saw 
timber 
yield, 
m3a-1 
Dbh of 
harvested 
trees, cm 
Age of 
trees cut, 
yrs 
(after 
ingrowth) 
Basal 
area 
before 
cut, 
m2 
Basal 
area 
after 
cut, 
m2 
No. of 
harvested 
trees a-1 
No. of 
trees 
before 
cut 
Standing 
vol. 
before 
cut, m3 
Ingrowth, 
no. of 
trees a-1 
MT1300 9.1 2.5 15.3 25 11.3 6.7 49.7 1255 65.4 51.3 
MT1200 8.4 2.5 15.7 30 12.1 7.9 43.8 1331 68.8 45.7 
MT1100 7.7 2.3 15.8 35 12.6 8.8 39.4 1402 72.2 41.6 
VT1300 8.2 2.4 15.7 30 12.1 7.8 43.9 1337 49.7 46 
VT1200 7.5 2.3 15.9 35 12.6 8.7 39.5 1404 72.3 41.7 
VT1100 6.9 2.1 15.8 40 13 9.5 36 1472 75.8 38.6 
Note:  a-1 refers to per annum 
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Figure 2. Steady state tree size distributions for maximum total yield for six site 
types. Harvesting cycle is 5 years. Biggest trees are removed after each 5-year period. 
 
On less  fertile  sites,  the  steady  state  stand  structure  features  more  age  classes.  This  
follows from slower growth of trees, while a new tree generation is formed every 
period.  Due  to  a  greater  amount  of  age  classes,  the  basal  area  and  standing  volume 
increase. Density is somewhat higher within younger trees. This does not indicate a 
higher level of ingrowth on less fertile sites, but a slower growth of young trees. As 
can be seen in figure 2 the number of ingrowth trees decreases towards less fertile 
sites. Since ingrowth is given as a function of stand density, it logically decreases 
with an increase in stand basal area. 
Figure 2 describes the stand states at the beginning of each 5-year period. Biggest 
trees are harvested at the end of each period. In table 1 the size of harvested trees is 
given at the moment of harvest. When maximizing total yield, trees are harvested at a 
relatively young age (25–40 years after reaching ingrowth limit), their diameter re-
maining below 16 cm. Thus, maximization of steady state total yield results primari-
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ly in pulpwood production. Saw timber yield remains nearly constant over all site 
types, covering approximately 30% of the total yield. 
Saw timber yield 
When shifting the objective from maximum total yield to maximum saw timber yield, 
results  clearly  change.  Table  2  presents  steady  state  results  for  a  5-year  harvesting  
cycle. Annual yield is now lower, and it mostly consists of saw timber. Pulpwood 
yield is very low. Diameter of harvested trees is around 26 cm, and their age varies 
between 85–120 years (after ingrowth). Basal area and standing tree volumes are 
clearly higher than when maximizing total yield. Number of standing trees is smaller, 
and fewer trees are harvested. Consequently, less variation in basal area before and 
after  harvest  occurs.  Ingrowth  is  clearly  lower,  only  about  one  third  of  the  level  of  
maximum total yield. This logically follows from greater basal area and stand density. 
Changes in results, when varying site type and thermal zone, are small but analogous 
to the ones for maximum total yield. Basal area and standing volume increase mar-
ginally towards lower site fertility, except at the least fertile site type VT1100, where 
trees and standing volume remain the smallest. 
A steady state stand structure is presented in picture 3. Compared to the stand struc-
ture for maximum total yield, age classes are abundant and trees grow much bigger 
and  older,  but  their  number  is  clearly  smaller.  This  is  consistent  and  necessary  for  
regeneration to take place. The steady state tree size distribution somewhat resembles 
a gradual reversed J-curve. Again, the biggest trees are harvested after each 5 years. 
Table 2. Optimal steady states for maximum saw timber yield. Results are given per 
hectare. 
Site Total 
yield, 
m3a-1 
 
 
Saw 
timber 
yield, 
m3a-1 
Dbh of 
harvested 
trees, cm 
Age of 
trees cut, 
yrs 
(after 
ingrowth) 
Basal 
area 
before 
cut, 
m2 
Basal 
area 
after 
cut, 
m2 
No. of 
harvested 
trees a-1 
No. of 
trees 
before 
cut 
Standing 
vol. 
before 
cut, m3 
Ingrowth, 
no. of 
trees a-1 
MT1300 5.4 5 26.2 85 20.4 16.9 12.7 1139 129.2 16.1 
MT1200 4.9 4.5 26.1 95 20.5 17.4 11.6 1168 129.5 15.3 
MT1100 4.4 4 26.3 110 20.8 18 10 1188 132 14.1 
VT1300 4.7 4.4 26.1 95 20.4 17.3 11.6 1170 126.4 15.4 
VT1200 4.2 3.9 26.5 110 20.8 18 10 1183 129.5 14.1 
VT1100 3.8 3.5 26 120 20.7 18.2 9.4 1228 127.9 13.8 
Note:  a-1 refers to per annum 
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Figure 3. Steady state tree size distributions for maximum saw timber yield for six 
site types. Biggest trees are removed after each 5-year period. 
 
As in stand structures for maximum total yield, number of age classes and standing 
trees  increases  when moving  from fertile  MT sites  towards  less  fertile  site  types  of  
VT.  This  again  indicates  the  slower  growth  of  trees  on  less  fertile  sites.  As  before,  
every period generates a new tree generation. 
 
3.2 Optimizing harvesting cycle for maximum steady state volume yield 
In the previous section steady state volume yield was maximized with a 5-year har-
vesting cycle. The next objective is to determine the harvesting cycle that maximizes 
steady state volume yield. Some dynamics are added to the optimization by gradually 
lengthening the harvesting cycle from 5 to 100 years. At the same time the forest 
stand is kept in a steady state, where harvest equals growth during each cycle. Opti-
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mal harvesting interval is searched by choosing the length (k)  for  a  cycle,  and  per-
forming the computation for each cycle separately. This must be done, since the 
model does not generate the optimal cutting cycle endogenously. Optimal harvesting 
interval is obtained by maximizing volume yield for all harvesting cycles between 5 
and 100 years. 100 years is long enough time to find the level for maximum volume 
yield. Objective function is presented in appendix I. Again, volume yield maximiza-
tion is divided in maximizing total yield and saw timber yield. Site types optimized 
are MT1300 and VT1100 that represent Southern and Central Finland. 
Total yield 
When total yield is maximized, optimal harvesting interval for both site types 
MT1300 and VT1100 becomes 5 years. At site MT1300 annual total yield is higher, 
9.1 m3 per hectare, of which 6.6 m3 is pulpwood and 2.5 m3 saw timber (figure 4a). 
At site VT1100 annual total yield is less, 6.9 m3 per hectare, of which 4.8 m3 is 
pulpwood and 2.1 m3 saw timber (figure 4b). These results logically equate with the 
results for maximum steady state total yield with a 5-year harvesting cycle presented 
in previous section (table 1). 
 
Figure 4. Maximum steady state total yield over harvesting intervals from 5 to 100 
years (site types MT1300 and VT1100). Total yield is maximized at a 5-year harvest-
ing interval for both growth sites. 
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Diameter distributions for both 5-year harvesting cycles are shown in figure 5. In 
both cases, trees from the oldest age class are harvested after each 5-year period. At 
site MT1300 (figure 5a), trees are harvested at the size of 15.3 cm. (Note, tree sizes 
are given at the beginning of a period.) Age of harvested trees is only 25 years (after 
ingrowth). This clearly results in pulpwood production. Basal area decreases from 
11.3 m2 to 6.7 m2 per hectare in one harvest. At site VT1100, trees are harvested at 
the size of 15.8 cm and at the age of 40 years (after ingrowth) (figure 5b). Compared 
with site MT1300, the size of harvested trees is almost the same but they are 15 years 
older. This, together with the higher number of age classes, indicates slower growth 
rate on more northern and less fertile site types. Basal area decreases from 13 m2 to 
9.5 m2 per hectare. Number of ingrowth trees is smaller than at site MT1300 due to a 
higher remaining basal area. 
In conclusion, maximum total yield is reached with a short, 5-year harvesting inter-
val, both in Southern and Central Finland. This clearly leads to pulpwood production. 
 
 
 
 
Figure 5. Tree size distributions in the optimal 5-year harvesting cycle for maximum 
total yield (site types MT1300 and VT1100). Numbers of trees are given at the be-
ginning of a period. Harvesting occurs at the end of 5-year period. 
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Saw timber yield 
Next, a harvesting cycle that maximizes steady state saw timber yield is searched. As 
shown in figure 6, at both site types MT1300 and VT1100, saw timber yield appears 
to be almost constant over all harvesting cycles from 5 to 100 years. Variation in 
annual yield remains less than one cubic meter per hectare. An optimum harvesting 
interval at site MT1300 becomes 45 years. Here, annual total yield is 6 m3 per hec-
tare, of which 5.4 m3 is saw timber. At site type VT1100 harvesting cycle for maxi-
mum saw timber yield increases to 60 years. This is consistent, as trees grow slower 
on less fertile sites. As expected, also annual yield decreases. Annual total yield in a 
60-year harvesting cycle is 4.2 m3 per hectare, of which 3.7 m3 is saw timber. 
When  comparing  the  optimal  outcomes  for  maximum  steady  state  total  yield  and  
maximum steady state saw timber yield, a clearly longer harvesting interval is re-
quired  to  generate  an  optimal  amount  of  saw  timber.  Steady  state  stand  structures  
also clearly differ between these two objectives. 
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Figure 6. Maximum steady state saw timber yield over harvesting intervals from 5 to 
100 years (site types MT1300 and VT1100). Saw timber yield is maximized at a 45-
year harvesting interval (MT1300) and a 60-year harvesting interval (VT1100).  
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Tree size distribution for an optimum 45-year harvesting cycle at MT1300 is pre-
sented in figure 7. One cycle consists of nine 5-year periods. As before, numbers of 
trees are given at the beginning of each period. Trees are harvested at the end of 
eighth period, where nine biggest age classes are entirely removed. Period 9 presents 
the situation immediately after harvest, period 1 the situation after the first five years 
following harvest (figure 7). 
The optimal stand structure for maximum saw timber yield clearly deviates from a 
classical reversed-J form. An essential factor in the stand dynamics is ingrowth. In 
the beginning of period one ingrowth is at its highest, close to 300 trees per hectare, 
due to a large opening that is created in harvest. As stand density increases, level of 
ingrowth declines. At the time of harvest, number of ingrowth trees has fallen to less 
than 10 trees per hectare. This outcome is in line with the dynamics of the ingrowth 
model applied in the optimization (Pukkala et al. 2011a). The density-dependency of 
the ingrowth and growth models becomes evident here. 
It is consistent, that more intensive harvesting leads to more productive regeneration, 
particularly, when considering a shade-intolerant tree species like Scots pine. The 
wider an opening, the more light and less competition new saplings confront. For 
example Smith et al. (1997, p. 367) consider a group-selection system with larger 
openings created in harvests beneficial in terms of regeneration. According to the 
authors, it involves removing a group of trees from the oldest age class that form a 
somewhat uniform tree cohort. They however consider the spatial location of trees in 
their example. The optimum result at hand suggests removing trees from several 
(oldest) age classes, and does not consider the spatial location of the cut trees, since 
the model used is distant-independent. 
Mostly saw log-sized trees are harvested, as the minimum limit for saw logs is 15 cm. 
(Note that the diameter of harvested trees is given at the beginning of a period in 
figure 7.) Trees with a high future growth potential are left to grow in the stand. 
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Figure 7. Tree size distribution in the optimal 45-year harvesting cycle for maximum 
steady state saw timber yield (site MT1300). Harvesting cycle consists of nine 5-year 
periods. Numbers of trees are given at the beginning of a period. Harvesting occurs 
at the end of 8th period. Period 9 illustrates the post-thinning diameter distribution. 
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Diameter distribution for a 60-year harvesting interval is shown in figure 8. The cy-
cle covers twelve 5-year periods. The basic structure is similar to the stand structure 
of a 45-year harvesting cycle in figure 7. Trees are harvested at the end of 11th period, 
where twelve oldest age classes are removed. Due to the large opening, ingrowth 
level springs from 8 to 287 trees per hectare after harvest. Figure 8 also illustrates the 
dependence between stand density and diameter increment (growth of trees). As 
stand density increases, the growth of particularly youngest trees slows down. This 
can be seen in the gaps between youngest age classes that narrow during later periods. 
Older age classes tolerate increasing stand density better, as bigger trees encounter 
less competition. Consequently, bigger trees grow faster than smaller ones. This out-
come is in line with the dynamics of the diameter increment model applied (Pukkala 
et al. 2009, 2011a) and again demonstrates the density-dependency of the individual 
tree growth model used. 
 
 
 
 
 35 
 
Figure 8. Tree size distribution in the optimal 60-year harvesting cycle for maximum 
steady state saw timber yield (site VT1100). Harvesting cycle consists of twelve 5-
year periods. Numbers of trees are given at the beginning of a period. Harvesting 
occurs at the end of 11th period. Period 12 illustrates the post-thinning diameter dis-
tribution. 
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3.3 Maximizing volume yield in a dynamic framework 
In previous sections steady state volume yield is maximized in a static framework. 
The  stand  is  assumed  to  return  to  a  same  state  after  each  harvest.  Volume  yield  is  
maximized separately for a 5-year harvesting cycle and for all harvesting cycles be-
tween 5 and 100 years. 
Next, volume yield is further maximized, but in a dynamic framework without any 
assumptions on a possible steady state. An initial stand state is determined for a start-
ing  point,  from  which  a  conversion  path  and  a  possible  steady  state  are  optimized.  
Again, maximum total yield and saw timber yield are observed separately. Harvest-
ing cycle is 5 years. The optimization becomes noticeably more challenging in a dy-
namic framework, as transition and steady state harvests are optimized simultaneous-
ly. Thus, a nonlinear objective function is first applied in optimization to ease the 
computation procedure. Objective function is presented in appendix II. The value for 
the coefficient q in the nonlinear objective function is 0.5, in which case the objec-
tive function is maximized as a square root function. 
Site MT1300 is observed. When maximizing total yield (figure 9a), optimization 
converges to the same steady state with both nonlinear and linear approaches. This 
dynamic  steady  state  equals  the  maximum  steady  state  volume  yield  with  a  5-year  
harvesting cycle (for site MT1300) described in table 1 (page 25). Annual total yield 
is  9.1 m3 per hectare, trees are cut at the size of 15.3 cm and at the age of 25 years 
(after ingrowth). Hence, the dynamic optimization solution converges to the same 
steady state as defined earlier by static optimization, supporting the optimality of a 5-
year harvesting cycle for maximum total yield. 
For maximum saw timber yield (figure 9b) the result is less straightforward. Nonlin-
ear  form  of  the  dynamic  optimization  problem  converges  to  the  same  level  of  saw  
timber yield as the static optimization framework, 5 m3 per hectare per year (table 2, 
page 27). Slight oscillation occurs in the steady state. When applying a linear ap-
proach,  which  is  computationally  more  challenging,  the  result  becomes  chaotic.  As  
shown in figure 9b, during some years saw timber yield is very high, during others it 
 37 
 
 
Figure 9. Dynamic steady states for maximum total (a) and maximum saw timber (b) 
yield for site MT1300. Both nonlinear and linear forms of the objective function are 
maximized. 
 
declines to zero. As discovered in previous section, optimal harvesting cycle for 
steady state maximum saw timber yield at  site MT1300 is 45 years,  not 5 years,  as 
assumed in the optimization problem at hand. The chaotic result in figure 9b can be 
interpreted as a search for the optimal solution, only without finding it. Thus, the 
linear dynamic optimization approach does not easily converge to the maximum 
steady state saw timber yield level (table 2), as it is not an optimal solution. By carry-
ing on the optimization procedure long enough, it might be found. 
 
3.4 Optimizing harvesting cycle for maximum average annual steady state reve-
nues 
Previous sections present results for volume yield maximization. In the following 
sections, the objective is shifted from maximum volume yield to maximum revenues. 
In  section  3.2  harvesting  cycles  for  maximum steady  state  volume yield  were  opti-
mized. As discovered, total yield is maximized with short, 5-year harvesting intervals, 
whereas maximum saw timber yield requires longer, at a minimum 45-year harvest-
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ing cycles. As next, a harvesting cycle that maximizes average annual revenues is 
optimized. Average annual revenues equal annual income from standing timber sale, 
when no harvesting costs are considered. It describes the standing value (or stumpage 
value) of a stand per annum. Since no discounting is considered, it represents a zero 
interest rate case for maximum harvesting revenues. Objective function is presented 
in appendix III. Optimization  is  performed  in  a  static  framework,  where  a  stand  is  
assumed to reach a steady state structure after each harvest, and no transition cuttings 
are considered. Optimal cutting cycle is found by choosing the length of a harvesting 
cycle (k), and performing the computation for each cycle separately, as was done in 
section 3.2. Optima for six different site types are found between 5- and 100-year 
harvesting intervals. Maximum average annual revenues for different harvesting cy-
cles are presented in figure 10. 
At site MT1300 the standing value is maximized when harvesting interval is 40 years. 
Average annual revenue is €252 per hectare. At MT1200 the optimum is 45 years 
(€226) and at MT1100 50 years (€201). For site types VT1300, VT1200 and VT1100 
 
Figure 10. Average annual steady state revenues over harvesting intervals from 5 to 
100 years for six site types. No harvesting costs are included. 
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optimal  harvesting  cycles  (and  revenues  per  hectare)  are  45  years  (€218),  45  years  
(€195) and 50 years (€174), respectively. Results illustrate that optimal harvesting 
cycle lengthens, when moving towards lower site fertility and lower temperature 
sums. Simultaneously, revenues decrease. This trend is expected and in line with 
earlier results, in which growth and yield decline towards lower site fertility. 
Observing the result for site MT1300, a 40-year harvesting cycle maximizes annual 
net revenues in South Finland. Such an optimum appears as a cohort solution, that 
lies somewhere between traditional uneven-aged and even-aged management. In 
previous studies on Finnish uneven-aged management a typical, economically ra-
tional harvesting cycle presented is 20 years (e.g. Pukkala et al. 2010, Tahvonen 
2011). So far, no study has suggested a harvesting cycle as long as 40 years for an 
uneven-aged Scots pine in Southern Finland. To gain a deeper understanding of the 
economic optimality of a 40-year harvesting cycle, two management regimes for site 
MT1300 are compared: harvesting every 5 years and harvesting every 40 years. 
When harvesting a Scots pine stand every 5 years with the aim to maximize annual 
revenues,  only  saw  log  sized  trees  are  harvested.  Tree  size  distribution  for  this  re-
gime is presented in figure 11. Diameter distribution somewhat resembles a gradual 
reversed J-curve. The result compares well with the result for maximum steady state 
saw timber yield (figure 3, page 28). In both cases trees grow rather old and big, and 
only biggest trees are cut. When maximizing stumpage revenues instead of saw tim-
ber yield, the number of age classes in a steady state stand structure is one less. Thus, 
trees are 5 years younger at the time of harvest (80 years versus 85 years), but they 
are only 0.7 cm smaller. Yield is in effect the same. Annual number of harvested 
trees is 13.8 per hectare, which is one more than in the MSY optimum for saw timber 
(12.7 trees). Consequently, the level of ingrowth is equally higher (17.2 versus 16.1 
trees per hectare per year). It is evident, that maximizing stumpage revenues and 
maximizing saw timber yield generate similar solutions. Logically, maximizing the 
yield of more valuable timber maximizes also revenues. This result is in line with 
earlier results on optimal uneven-aged solutions (e.g. Pukkala et al. 2010, Tahvonen 
et al. 2010, Tahvonen 2011), according to which most profitable uneven-aged man-
agement includes producing significant proportions of saw timber. 
 40 
 
  
 
Figure 11. Tree size distribution in a 5-year harvesting cycle (site MT1300) when 
average annual steady state revenues are maximized. Numbers of trees are given at 
the beginning of a period. Harvesting occurs at the end of each period. 
 
An optimal 40-year harvesting cycle for maximum average annual revenues gener-
ates a steady state stand structure presented in figure 12. The cycle consists of eight 
5-year periods. Trees are harvested from eight biggest size classes at the end of the 
seventh period. During the 40 years after harvesting the number of ingrowth trees 
declines from 292 trees to 12 trees per hectare, as stand density increases. Mainly 
valuable, log-sized trees are harvested. Trees with high growth potential and high 
value growth are left in the stand. 
The  diameter  distribution  of  the  optimal  40-year  harvesting  cycle  for  maximum  
steady state annual revenues is again similar to the diameter distribution of the opti-
mal cutting cycle for maximum saw timber yield (figure 7, page 33). The optimal 
harvesting cycles differ only by 5 years, as saw timber yield is maximized with a 45-
year cutting cycle at site MT1300. 
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Figure 12. Tree size distribution (site MT1300) in an optimal 40-year harvesting cy-
cle when average annual revenues are maximized. Harvesting cycle consists of eight 
5-year periods. Numbers of trees are given at the beginning of a period. Harvesting 
occurs at the end of 7th period. Period 8 illustrates the post-thinning diameter distri-
bution. 
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To further compare the management regimes of a 5-year and a 40-year harvesting 
interval, more than stand structures need to be examined. Tables 3 and 4 demonstrate 
the properties of these two management regimes in more detail. Applying a 40-year 
instead of a 5-year harvesting cycle pays net annual profit of approximately €20 per 
hectare, resulting in €800 per hectare in 40 years (table 3). On an annual level the 
difference in the number of harvested trees is only one per hectare. When harvesting 
every 5 years, all cut trees are saw log sized with a diameter of 25.5 cm (table 4). 
Within a 40-year harvesting cycle the range in size of harvested trees is much wider, 
and the oldest trees harvested are clearly bigger than those harvested every 5 years 
(31 cm). Thus, on an annual level, somewhat more saw timber is generated within a 
40-year harvesting cycle. The average value of a harvested tree is hence €0.25 higher 
(table 3). 
Number of ingrowth trees is higher with a 40-year harvesting cycle, logically follow-
ing from more intensive harvesting (table 3). This is of great importance for a shade-
intolerant tree species like Scots pine. Not only the saplings, but also bigger trees can 
benefit from larger openings created in a stand, and hence grow faster (Smith et al. 
1997, p. 369). Although mortality is also higher within the 40-year cutting cycle, the 
impact of a higher ingrowth dominates (table 3). Average growth is equal in both 
management regimes. 
Altogether, a 40-year harvesting interval seems optimal due to more effective regen-
eration, and more valuable timber yield production. 
If a forest owner would prefer to harvest every 5 years in order to maintain more 
permanent tree cover in his/her forest, an annual opportunity cost of this management 
regime would be €19.93 per hectare. 
Table 3. Comparison between a 5-year and a 40-year harvesting cycle (site MT1300) 
when average annual revenues are maximized. 
Harvesting 
cycle, yrs 
Revenues, 
€ ha-1 a-1 
Ingrowth, 
trees  
ha-1 a-1 
Age of 
harvested 
trees (after 
ingrowth) 
No. of 
harvested 
trees 
ha-1 a-1  
€ /harvested 
tree 
Mortality, 
trees  
ha-1 a-1  
Average 
growth,  
cm a-1 
5 232.15 17.2 80 13.8 16.77 3.3 0.26 
        
40 252.08 20.3 45–80 14.8 17.02 5.5 0.26 
Note:  a-1 refers to per annum 
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Table 4. Comparison between harvested trees in a 5-year and a 40-year harvesting 
cycle (site MT1300) when average annual revenues are maximized. 
Harvesting cycle 5 years 
 
Harvesting cycle 40 years 
 
Age of 
trees cut, cm 
(after ingrowth) 
No. of 
harvested 
trees, 
ha-1 cycle-1  
Dbh of 
harvested 
trees, cm 
Age of 
trees cut, cm 
(after infrowth) 
No. of 
harvested 
trees, 
ha-1 cycle-1 
Dbh of 
harvested 
trees, cm 
80 69 25.5 45 11 13.8 
   50 12 14.3 
   55 16 15 
   60 25 15.8 
   65 43 16.9 
   70 79 18.6 
   75 148 22.0 
   80 254 31.0 
Note:  numbers of harvested trees are given per cutting cycle, i.e. 5 and 40 years. 
 
3.5 Maximizing present value of stumpage revenues 
In the previous section average annual revenues were maximized in a static optimiza-
tion  framework.  The  last  optimization  problem  is  to  maximize  present  value  of  
stumpage revenues. This approach requires the inclusion of discount rate in the opti-
mization. Discounted harvesting revenues are maximized in a dynamic framework. 
Harvesting costs are still excluded. Since optimization is dynamic, transition cuttings 
and steady state harvests are optimized simultaneously, starting from different initial 
stand states. No spatial or temporal restrictions on the steady state are employed.  
The objective function is presented in equations (2)–(11) (page 21). Three manage-
ment regimes are observed separately: 5-year, 20-year and 40-year harvesting cycles. 
Discount rates considered are 1% and 3%. The site type observed is MT1300. It does 
not represent the most common site type for Scots pine in Finland, but is computa-
tionally more realizable, than any VT site. As the dynamic framework makes the 
optimization problem challenging, both nonlinear and linear approaches are applied. 
As before, the nonlinear approach is performed by maximizing the objective function 
as a square root function, with q=0.5. The nonlinear approach is necessary, since the 
maximization problem with a linear objective function becomes remarkably chal-
lenging. In addition, by applying two different approaches, solutions can better be 
compared and analyzed. 
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Graphs for dynamic steady state solutions are presented in appendix IV. Solutions for 
both nonlinear and linear approaches are shown for three different harvesting cycles. 
They describe the optimum levels of revenues,  basal area (after cut)  and number of 
trees  (after  cut)  during  transition  period  and  in  steady  states.  Only  few of  the  solu-
tions present a stable steady state. In most cases the optimum is a stationary cycle 
that oscillates around some average. Optimal management in these cases includes 
varying harvesting levels at different times. 
Steady state solutions for a nonlinear optimization approach (figures 1A, 3A and 5A, 
appendix IV) are optimized applying different initial stand states. According to 
Haight (1985), a steady state solution is independent on the initial stand state, but the 
length and intensity of transition cuttings are not. They vary depending on the initial 
stand state. Solutions in appendix IV support this finding of Haight (1985). For some 
initial stand states transition period is longer than for others. Still, in most cases they 
all converge to a same steady state or stationary cycle. 
Solutions optimized with a linear objective function are generally more chaotic (fig-
ures 2A, 4A and 6A, appendix IV). This is due to the mathematically difficult nature 
of the optimization problem. It is also noteworthy, that the time frame required for 
the infinite time approximation varies between 1000 and 4800 years, which can af-
fect the numeric accuracy of the optimization. A closer inspection of the steady states 
presented in appendix IV reveals that nonlinear and linear approaches are most equal 
within a 40-year harvesting cycle. This cycle is the “optimum” harvesting interval, in 
term of highest revenues, when maximizing present value of stumpage revenues. 
With a 5-year harvesting cycle solutions for a linear approach are most chaotic, indi-
cating difficulty for algorithms to find the optimum. As harvesting cycle lengthens, 
steady state solutions of the two approaches move closer. This, for its part, substanti-
ates the mathematical complexity of the optimization problem, and on the other hand 
the possible optimality of a 40-year harvesting cycle. 
It is however noteworthy, that the optimal cutting period k (equation 11) can eventu-
ally be determined only by the highest value of the maximized objective function. 
Here, objective function values are not observed, but the magnitudes of present value 
of stumpage revenues within different harvesting intervals. Hence, “optimality” is 
used in the context of maximum revenues with the awareness of its theoretical flaw. 
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Numeric results for steady state solutions for three harvesting cycles and two interest 
rates are presented in tables 5 and 6. Some deviation occurs between results of non-
linear and linear optimization approaches, due to the aforementioned computational 
inaccuracy. All results are based on several initial stand states optimized, which are 
all not presented as graphs in appendix IV. Due to the cyclic nature of most optima, 
average values are applied when necessary for clarity. 
Table 5. Properties of optimal steady states (site MT1300) for maximum present val-
ue of stumpage revenues, when objective function is nonlinear. Three cutting cycles 
and two discount rates are observed. 
Harvesting 
cycle 
Discount 
rate 
Average 
revenues, 
€ ha-1yr-1  
 
*) 
Dbh of 
harvested 
trees, 
cm 
Basal area 
before/after 
cut, 
m2 ha-1 
No. of trees 
before/after 
cut, ha-1 
Total/saw 
timber 
yield, 
m3ha-1a-1 
Age of 
trees cut, 
yrs 
(after 
ingrowth) 
5 yrs 
1% 232 25.2–25.7 
19.3–20.5/ 
15.8–16.9 1160/1091 5.5/5 80 
3% 210 16.6 12.7/8.1 1293/1081 8.5/3.1 30 
20 yrs 
1% 236 15.4–29.2 21.4/10.3 1210/894 6/4.9 50–80 
3% 223 16.6–24.1 19/6.3 1358/855 6.5/4.3 40–55 
40 yrs 
1% 252 13.7–31.1 31.3/5 1240/602 6.2/5.4 45–80 
3% 231 13.8–30.5 29.7/3.2 1321/495 5.9/4.9 40–75 
Note: *) harvesting costs not included 
Table 6. Properties of optimal steady states (site MT1300) for maximum present val-
ue of stumpage revenues, when objective function is linear. Three cutting cycles and 
two discount rates are observed. 
Harvesting 
cycle 
Discount 
rate 
Average 
revenues, 
€ ha-1yr-1  
 
*) 
Dbh of 
harvested 
trees, 
cm 
Basal area 
before/after 
cut, 
m2 ha-1 
No. of trees 
before/after 
cut, ha-1 
Total/saw 
timber 
yield, 
m3ha-1a-1 
Age of 
trees cut, 
yrs 
(after 
ingrowth) 
5 yrs 
1% 232 25.5–28.3 
18.1–24.8/ 
14.6–20.1 1159/1091 5.5/5 80–85 
3% 228 15.2–17 10.4–24.5/  6.9–16.3 1269/1119 7.2/4 30–35 
20 yrs 
1% 236 14.6–28.9 21.4/10.4 1217/902 6/4.9 45–80 
3% 223 16.6–24.1 19.1/6.3 1358/855 6.5/4.3 40–55 
40 yrs 
1% 252 14.1–31 31.3/5 1240/599 6.1/5.4 45–80 
3% 231 13.6–30.5 29.7/3.2 1322/494 6.1/4.7 40–75 
Note: *) harvesting costs not included 
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In line with theory, results for 1% discount rate are close to the solutions of zero in-
terest rate, when maximizing average annual harvesting revenues (section 3.4). With 
1% discount rate, stumpage revenues for 5-year and 40-year cutting cycles are €232 
and €252, respectively. With 3% discount rate, corresponding revenues are €210 and 
€231. A 40-year harvesting cycle generates highest present value of stumpage reve-
nues with both discount rates. 
Within each harvesting cycle, an increase in discount rate declines revenues as ex-
pected, as revenues are discounted heavier. At the same time basal area and number 
of after cut trees decrease, as more tree are harvested. However, number of trees be-
fore cut increases with the decreasing stand density. Total yield increases with inter-
est  rate,  except  within  a  40-year  harvesting  cycle,  where  the  level  of  total  yield  re-
mains somewhat the same. Saw timber yield decreases in all harvesting cycles with 
an increase in discount rate. This indicates a shift towards harvesting smaller trees 
with a higher discount rate. These results are in accordance with results of Tahvonen 
(2011), where similar comparison was conducted for Finnish uneven-aged Norway 
spruce. 
A tendency towards higher pulpwood production with an increase in interest rate is 
evident for 5-year and 20-year harvesting cycles. This is shown in the growing level 
of total yield relative to the decreasing level of saw timber yield. The size and age of 
harvested trees also reveal this shift. As stated above, more and smaller trees are har-
vested with a higher interest rate. This is partly also explained with the pulp wood 
yield function applied (appendix V) that is further discussed in the next chapter. 
Increase in the length of harvesting cycle has somewhat different effects. When mov-
ing from a 5-year harvesting cycle towards a 40-year cycle, harvesting intensity logi-
cally increases. Trees grow older and basal areas before harvest increase. More trees 
are harvested from a wider range of age and size classes, and after cut basal areas are 
lower. Hence, more valuable saw timber is produced, and consequently revenues are 
higher. In order to maximize income in Southern Finland (site MT1300), harvesting 
cycle for uneven-aged Scots pine should be 40 years. Within this regime, after cut 
basal areas for 1% and 3% discount rates are as low as 5 m2 and 3.2 m2 per hectare, 
respectively. This is required for sufficient regeneration. 
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Trees are harvested from one to eight different age classes, depending on the harvest-
ing cycle.  This does not show in table 5 or 6.  The amount of age classes harvested 
equals, in most cases, the amount of 5-year periods included in a harvesting cycle. 
According to the growth dynamics of the model, each 5-year period generates one 
new age class. 
The optimal 40-year harvesting cycle can be interpreted as a cohort solution settled 
somewhere between even-aged and uneven-aged management regimes. Same opti-
mal  cutting  cycle  is  attained,  when  average  annual  revenues  with  zero  interest  rate  
are maximized over cutting cycles between 5 and 100 years in a static framework 
(section 3.4). Even though a longer than 40-year harvesting cycle was not optimized 
in a dynamic framework, based on the congruence between static and dynamic solu-
tions it can be assumed, that increasing the harvesting cycle above 40 years would 
not significantly increase present value of stumpage revenues. 
In chapter 3 solutions for maximum volume yield and maximum harvesting revenues 
are shown, both in static and dynamic optimization frameworks. Solutions for differ-
ent objectives and optimization frameworks seem congruent, and no discrepancy 
occurs between them. The dynamic optimization problem is computationally chal-
lenging due to the complexity of the nonlinear individual-tree growth model and the 
long time horizon applied. Yet, results obtained are in line with the ones generated in 
a static framework. 
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4 DISCUSSION 
4.1 Comparison with earlier results 
Results of previous chapter are next discussed and compared with existing results for 
uneven- and even-aged Scots pine stands in Finland. Three key aspects are examined 
separately: optimal harvesting interval, optimal stand structure and optimal timber 
yield. Foreign studies and results for optimal harvesting interval and timber yield are 
excluded in comparisons, since tree growth is site specific. In the end, some charac-
teristics and limitations of the modeling are discussed. 
Optimal harvesting interval 
In this study optimal harvesting cycle is determined for both maximum volume yield 
and maximum annual revenues in a static framework (sections 3.2 and 3.4). Optimal 
harvesting cycle varies notably, depending on whether total yield or saw timber yield 
is maximized. The model gives very short harvesting cycles for maximum total yield, 
where mainly pulpwood is produced. For sites MT1300 and VT1100 this cycle is 
only 5 years. This result is in accordance with results of Tahvonen (2011) for maxi-
mum volume yield in uneven-aged Norway spruce stands. In Tahvonen (2011), a 5-
year harvesting cycle also maximizes volume output. However, with Norway spruce 
most of the volume yield consists of saw timber, and the yield is lower. When saw 
timber volume is maximized for Scots pine, the optimal harvesting cycle lengthens to 
a minimum of 45 years (at site MT1300). 
The  shortest  cutting  cycle  for  maximum average  annual  steady  state  revenues  is  40  
years in Southern Finland (site MT1300). At site VT1100 it becomes 50 years. Puk-
kala et al. (2010) apply a 20-year harvesting cycle for economically optimal man-
agement of uneven-aged Scots pine stands. In Pukkala et al. (2011b, p.70) the au-
thors clearly state that an optimal cutting cycle for uneven-aged Scots pine in South-
ern and Central Finland is 20 years. Their result however is not optimized. 
Optimal harvesting interval appears to differ also according to the tree species stud-
ied. For fertile Norway spruce stands Pukkala et al. (2010) state that shorter than 20-
year  cutting  cycles  seem  to  be  slightly  more  profitable.  The  authors  also  state  that  
harvesting cycles longer than 20 years should be avoided, at least with 2% discount 
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rate. Results in this thesis for Scots pine claim the opposite. Up to the harvesting cy-
cle of 40 years, stumpage revenues increase as cutting cycle lengthens, with both 1% 
and 3% discount rates. Tahvonen (2011) presents results for uneven-aged Norway 
spruce also applying an optimum of 20-year harvesting cycle. It appears that Norway 
spruce as a shade-tolerant tree species better adapts to uneven-aged management, 
whereas for shade-intolerant Scots pine a more intensive harvesting regime is advan-
tageous. 
Pukkala et al. (2012) apply same individual tree growth model for Scots pine as is 
applied in this study, but with static optimization framework (investment efficient 
approach). According to their results, economically optimal cutting cycles in South 
Finland at sites VT (Vaccinium) and CT (Calluna) are 20 and 30 years, and in North 
Finland at sites CT and ClT (Cladina) 40 and 50 years, respectively. No indication of 
harvesting cycle optimization is though given. It appears that the authors would sug-
gest a harvesting cycle of maximum 20 years, or less, for site MT (Myrtillus) in 
South Finland. Thus, the economically optimal 40-year harvesting cycle obtained in 
this study differs from the ones proposed by Pukkala et al. (2012) at least by 20 years. 
This difference is not minor, when considering uneven-aged forest management, 
where common harvesting cycles suggested in literature vary between 5 and 30 years. 
It can be asked, whether the optimal harvesting cycle obtained in this study exempli-
fies traditional uneven-aged management at all. It does not seem optimal to grow 
Scots pine within a classic selection cutting tradition, but rather in cohorts with more 
intensive harvesting – at least when harvesting revenues or saw timber yield is max-
imized. However, it is useful to keep in mind that the opportunity costs of applying 
shorter harvesting cycles are not excessive in this study – that is when harvesting 
costs are excluded. 
Optimal stand structure 
Already since the beginning of 20th century, a classic “reversed-J” stand structure has 
commonly been applied for describing optimal diameter distribution of uneven-aged 
stands. Existing studies for Finnish uneven-aged Scots pine (Pukkala et al. 2010, 
2011b, 2011c, 2012) have utilized this perception. Yet, empirical evidence exists also 
against the optimality and universality of this stand structure (e.g. O’Hara and Ger-
sonde 2004, Gadow et al. 2012). Defining uneven-aged management as transition of 
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an existing stand towards a reversed-J shaped stand structure can be biologically 
and/or economically unjustified (Hyytiäinen and Haight 2012). 
Haight (1985) showed that dynamic optimization leads to a different steady state 
stand structure than a static investment efficient approach, which often has been ap-
plied with a reversed-J structured constraint. He did this by comparing marginal pro-
duction rules for steady state harvesting regimes of the two approaches. An optimal 
management regime satisfies the criteria of marginal production rule, where the mar-
ginal cost of leaving a tree in a stand equals the marginal revenue of cutting the tree. 
Haight showed that steady states generated by static optimization (where the present 
value of the initial growing stock is not maximized) are a subset of the dynamic solu-
tions. Static optimization solutions are always dependent on the initial growing stock, 
whereas dynamic solutions are not. Thus, dynamic optimization should be applied 
for determining economically optimal steady states. The reasoning of Haight is fol-
lowed in this thesis. When applying dynamic optimization, the optimal stand struc-
ture  for  maximum  present  value  of  stumpage  revenues  in  this  study  clearly  differs  
from the classic reversed-J. This result contradicts earlier results for optimal stand 
structures for Finnish uneven-aged Scots pine (i.a. Pukkala et al. 2010, 2012). 
Tahvonen (2011) applied same model and optimization framework as this thesis for 
Finnish uneven-aged Norway spruce, and resulted in a serrated steady state stand 
structure. Results of this thesis for uneven-aged Scots pine also contradict the opti-
mality  of  a  reversed-J  as  an  optimal  steady  state  stand  structure,  at  least  when eco-
nomic yield is maximized. 
Timber yield 
A rough comparison with existing results for timber yield in Finnish uneven-aged 
stands shows that timber yield gained in this study exceed earlier results. Pukkala et 
al. (2010) applied static optimization and a 20-year harvesting cycle for Scots pine. 
Their results for maximum annual total yield and maximum annual saw timber yield 
are 5.3 and 2.8 m2 per hectare for Southern Finland (MT1300). Equivalent yields of 
this  study  for  a  20-year  harvesting  cycle  are  6.7  and  5  m2 per  hectare.  For  Central  
Finland (VT1100), Pukkala et al. obtained 3.9 and 2.0 m2 per hectare. For same site, 
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this study yields 5.5 and 3.5 m2 per hectare. In these results total yield and saw tim-
ber yield are both maximized separately. 
In a later work Pukkala et al. (2011b) state that annual total yield for Scots pine in 
Central Finland (site VT) equals round 4.5 m3 per hectare with a 20-year harvesting 
cycle, when NPV of harvesting revenues is maximized. The yield is somewhat the 
same with both 1% and 3% discount rate. The suggested 4.5 m3 is close to the total 
yield of 4.3 m3 per hectare gained in this study for site VT1100 and for same cutting 
cycle, when average annual harvesting revenues are maximized with zero interest 
rate. However, the yield would likely be higher, if present value of stumpage reve-
nues was maximized – particularly with 3% discount rate. 
Tahvonen et al. (2012) applied a sophisticated process-based model for optimizing 
even-aged Scots pine management in Finland. Their results for maximum sustainable 
yield are compared with the ones gained in this study (table 7). Since both total and 
saw timber yield are maximized separately in this study, total annual yield with both 
maximization objectives are shown in the comparison. 
MSY management in even-aged Scots pine stands in Tahvonen et al. (2012) includes 
5 thinnings and harvesting cycles above 80 years, whereas maximum total yield solu-
tions in this study result from a 5-year harvesting cycle (tables 1 and 2). Obviously, 
these two management regimes are not comparable, yet a rough comparison in yield 
can give some idea of the volume magnitudes of this study. As table 7 shows, max-
imized total annual yield of uneven-aged stands exceeds the yield of even-aged 
stands at all four sites. The difference in yield grows towards less fertile site types. 
 
Table 7. Comparison of maximum sustainable yield (m3) between a study of even-
aged Scots pine stands and this study. Results of this study are shown for both max-
imum total yield and maximum saw timber yield. 
Site Total annual yield,  
m3 per hectare 
Tahvonen et al. (2012) This study, max total 
yield 
This study, max saw timber 
yield 
MT1300 9.0 9.1 5.4 
MT1100 5.9 7.7 4.4 
VT1300 7.2 8.2 4.7 
VT1100 4.2 6.9 3.8 
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This result is somewhat surprising, particularly when considering a harvesting cycle 
of only 5 years. Tahvonen (2011) argues, by using the same model framework for 
uneven-aged Norway spruce, that uneven-aged management may yield 15%–25% 
less timber than even-aged management. This outcome appears intuitive, when con-
sidering the requirements for natural regeneration. The high level of total yield with a 
5-year harvesting cycle appears somewhat excessive, and could be partly explained 
by the pulpwood yield function and the ingrowth model applied. These are discussed 
in the next section. 
When observing total yield in the case of maximum saw timber yield, the compari-
son between even- and uneven-aged management appears more plausible. Still, a 
possibility of some overestimation also in saw timber yield exists. 
 
4.2 Characteristics and limitations of the model 
Yield functions 
Yield functions applied for saw timber and pulpwood yield in this thesis are based on 
a computation procedure of Heinonen (1994) that estimates stand timber volume 
yield. Yield functions based on data from Heinonen and differentiable yield func-
tions estimated for optimization are presented in appendix V. Minimum diameter for 
saw logs and pulpwood logs are 15 cm and 6 cm, respectively. 
Pulpwood yield function for site MT is shown in figure 16. Pulpwood yield clearly 
peaks when tree diameter reaches a width of around 16 cm. This is shown in optimal 
results. Pulpwood production clearly dominates in optimal steady states for maxi-
mum total yield (table 1) with a 5-year harvesting cycle. For comparison, in Tahvo-
nen (2011) a 5-year harvesting cycle for steady state maximum total yield (for une-
ven-aged Norway spruce) generates mainly saw timber. Also, when optimizing the 
harvesting cycle for maximum total yield, the optimum becomes a 5-year cycle with 
pulpwood production. When maximizing present value of stumpage revenues, an 
increase in discount rate leads to increasing pulpwood production with shorter cut-
ting cycles, as more trees are harvested from younger age classes.  
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Figure 16. Pulpwood yield function applied for site type MT (Myrtillus). The graph 
presents yield in liters, the equation in cubic meters (m3). 
 
The pulpwood yield function is one feature in the model that partly explains the op-
timal solutions. It is not a limitation, but a characteristic of the model. As the model 
assumes a new tree generation to be formed every period, it becomes intelligible that 
shorter cycles with high pulpwood production levels become optima for maximum 
total yield, as the peak in the pulpwood yield function starts to dominate. Again, as 
trees grow bigger within a 40-year (or longer) harvesting cycle, the relative effect of 
the pulpwood yield function diminishes. 
Model for ingrowth 
First individual tree growth models estimated for uneven-aged stands in Finland are 
from Pukkala et al. (2009). Same authors later estimated another set of individual 
tree growth models (Pukkala et al. 2011a) by applying another method and a larger 
empirical  data  for  ingrowth.  According  to  Pukkala  et  al.  (2012),  the  best  set  of  
growth models currently available consists of the new ingrowth model (data meas-
ured from trees bigger than 0.5 cm) and the older models for growth and survival 
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(data measured from trees bigger than 5 cm). Both model sets predict similar growth, 
also  for  smaller  trees,  but  the  new  ingrowth  model  is  more  reliable  (Pukkala  et  al.  
2011a). In this thesis, the suggested model combination is applied, including the old-
er model for ingrowth diameter (size of new trees entering the first age class meas-
ured from trees bigger than 5 cm). However, the combination of new ingrowth model 
and old ingrowth diameter model might include some risk of overestimation in the 
number of ingrowth trees. An assumption behind this model combination is that all 
trees bigger than 0.5 cm survive until they reach the diameter limit of 5 cm. An over-
estimation of ingrowth trees would also lead to overestimating timber yield. 
Pukkala et al. (2011a) express that the ingrowth diameter should be as low as possi-
ble in order to avoid misleading projections for stand growth. In order to explore the 
possibility of an overestimation of ingrowth trees and, consequently, timber yield, 
optimization problems were computed again with the assumption of ingrowth diame-
ter limit being only 2 cm. In that case also smaller trees are observed (all trees with 
diameter of 2 cm and above), and the assumption of all saplings reaching the 5 cm 
diameter limit is relaxed. 
Tables 8 and 9 present optimal steady state results for maximum total and maximum 
saw timber yield with a 5-year harvesting cycle, for both 5 cm and 2 cm ingrowth 
diameter limits.  Results with 5 cm limit  for ingrowth diameter are the same as pre-
sented in tables 1 and 2 (section 3.1). As an overall result, when declining ingrowth 
diameter limit to 2 cm, maximum total (table 8) and maximum saw timber (table 9) 
yield decrease by around 10%. Less trees are harvested at an older age. This is logi-
cal, since trees confront competition earlier, and mortality increases. The harvesting 
age is reached later, as it now takes longer for trees to reach an optimal size, and age 
is counted after ingrowth. Stand basal area decreases, since fewer trees survive. Con-
sequently, due to a less dense stand structure, level of ingrowth increases. 
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Table 8. Optimal steady states for maximum total yield with an ingrowth diameter 
limit of 5 cm and 2 cm. 
Limit for ingrowth diameter 5 cm 
Site Total 
yield, 
m3a-1 
Saw 
timber 
yield, 
m3a-1 
Dbh of 
trees 
cut, cm 
Age of trees 
cut, yrs 
(after 
ingrowth) 
Basal area 
after cut, 
m2 
No. of 
trees 
cut 
 a-1 
Ingrowth, no. 
of trees a-1 
MT1300 9.1 2.5 15.3 25 6.7 49.7 51.3 
MT1200 8.4 2.5 15.7 30 7.9 43.8 45.7 
MT1100 7.7 2.3 15.8 35 8.8 39.4 41.6 
VT1300 8.2 2.4 15.7 30 7.8 43.9 46 
VT1200 7.5 2.3 15.9 35 8.7 39.5 41.7 
VT1100 6.9 2.1 15.8 40 9.5 36 38.6 
Limit for ingrowth diameter 2 cm 
Site Total 
yield, 
m3a-1 
Saw 
timber 
yield, 
m3a-1 
Dbh of 
trees 
cut, cm 
Age of trees 
cut, yrs 
(after 
ingrowth) 
Basal area 
after cut, 
m2 
No. of 
trees 
cut 
 a-1 
Ingrowth, no. 
of trees a-1 
MT1300 8.2 2.2 15.2 35 6.1 45.8 54 
MT1200 7.6 2.1 15.3 40 6.8 41 50 
MT1100 6.8 1.8 15.2 45 7.3 38 48 
VT1300 7.4 2.0 15.3 40 6.8 41 50 
VT1200 6.8 1.9 15.3 45 7.3 38 48 
VT1100 6.1 1.9 15.9 55 8.5 31 42 
 
Table 9.  Optimal steady states for maximum saw timber yield with an ingrowth di-
ameter limit of 5 cm and 2 cm. 
Limit for ingrowth diameter 5 cm 
Site Total 
yield, m3 
a-1 
Saw 
timber 
yield, 
m3a-1 
Dbh of 
trees 
cut, cm 
Age of trees 
cut, yrs 
(after 
ingrowth) 
Basal area 
after cut, 
m2 
No. of 
trees 
cut 
 a-1 
Ingrowth, no. 
of trees a-1 
MT1300 5.4 5 26.2 85 16.9 12.7 16.1 
MT1200 4.9 4.5 26.1 95 17.4 11.6 15.3 
MT1100 4.4 4 26.3 110 18 10 14.1 
VT1300 4.7 4.4 26.1 95 17.3 11.6 15.4 
VT1200 4.2 3.9 26.5 110 18 10 14.1 
VT1100 3.8 3.5 26 120 18.2 9.4 13.8 
Limit for ingrowth diameter 2 cm 
Site Total 
yield, 
m3a-1 
Saw 
timber 
yield, 
m3a-1 
Dbh of 
trees 
cut, cm 
Age of trees 
cut, yrs 
(after 
ingrowth) 
Basal area 
after cut, 
m2 
No. of 
trees 
cut 
 a-1 
Ingrowth, no. 
of trees a-1 
MT1300 5.1 4.7 26.4 95 14.4 11 21 
MT1200 4.5 4.2 27 110 14.9 9 20 
MT1100 4 3.8 26.6 120 14.9 9 20 
VT1300 4.4 4.1 26.4 105 14.6 10 21 
VT1200 3.9 3.7 26.8 120 15 8 20 
VT1100 3.5 3.3 26.3 130 14.9 8 20 
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When further reducing ingrowth diameter to 0.5 cm, same trend continues. Yield 
declines by another 10% and age of harvested trees increases. Omitting the ingrowth 
diameter model entirely is again not possible. In that case the timber volume yield 
becomes excessive. It is useful to remember that the growth (diameter increment) 
model applied does not originally hold for trees smaller than 5 cm. Hence, the above 
results can be taken only as approximate. 
It can be concluded that some surprisingly high volume yields within this study are 
influenced by an application of ingrowth and ingrowth diameter models, whose 
compatibility can be questioned. This model combination might overestimate the 
number of ingrowth trees, and consequently the volume yield. 
When applying the 2 cm ingrowth diameter limit in the dynamic problem of maxim-
izing present value of stumpage revenues (tables 5 and 6), the optimality of a 40-year 
harvesting cycle remains. As an overall result, the discounted stumpage revenues 
decline within all harvesting cycles and with both discount rates (1% and 3%). This 
is a consequence of the decreasing level of timber yield. Still, the longer harvesting 
interval of 40 years generates the highest present value of harvesting income. 
As stated by Pukkala et al. (2009, 2011a) the ingrowth model is the weakest part of 
the growth modeling. As growth dynamics of uneven-aged stands are strongly de-
pendent on the long-term regeneration, this uncertainty should be considered by 
providing future research with better and more reliable ingrowth models. On the oth-
er hand, uneven-aged management could also be specified and optimized by includ-
ing partial planting in the management regime.  
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5 CONCLUSIONS 
Interest in uneven-aged forest management has grown in recent years among Finnish 
forest owners (Kumela and Hänninen 2011). So far, only few economic optimization 
studies have been conducted on Finnish uneven-aged stands. In this thesis uneven-
aged Scots pine stands are optimized for the first time in a general dynamic optimiza-
tion framework. No predefined constraints are employed on optimal stand structures 
or transition harvests, as is done in earlier studies. An individual tree growth model is 
applied together with general dynamic optimization. Results for optimal stand struc-
tures and harvesting intervals are presented for both maximum volume yield and 
maximum revenues. 
When maximizing stumpage revenues, an optimal harvesting cycle in Southern Fin-
land is 40 years (site MT1300). At more northern and less fertile growth sites the 
optimal harvesting cycle becomes even longer. This result implies managing forest 
stands in cohorts with neither large-scale clear cutting, nor classic selection cutting, 
but something in between. It presents a form of heavy harvesting regime, where sev-
eral  age  classes  are  removed  in  one  harvest.  With  a  40-year  harvesting  cycle  eco-
nomically optimal after cut basal areas are as low as 5 m2 (1% discount rate) and 3.2 
m2 (3% discount rate) per hectare. These basal areas are clearly lower than the ones 
suggested for the new Forest Act, regarding uneven-aged management. A proposal of 
Ministry of Agriculture and Forestry suggests minimum after cut basal areas of 10–
11 m2 per hectare for Southern Finland (Metsänkäsittelymenetelmien monipuolista-
minen –jatkotyöryhmän muistio, 2012). 
Cutting cycles this long with intensive harvesting have not been suggested earlier for 
Southern parts of Finland. The result is however intuitive for a shade-intolerant tree 
species like Scots pine that needs light in order to regenerate. It appears that tradi-
tional uneven-aged management is economically not optimal for Finnish Scots pine. 
Knoke (2012) concludes, after investigating several approaches to the economics of 
continuous cover forestry, that from an economic point of view continuous cover 
forestry comprises “every management which avoids large scale clear-cuts and tree 
planting.” Optimal solutions of this study can yet be set under this loose definition of 
uneven-aged forestry. 
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An optimal  stand  structure  for  (at  least)  a  40-year  harvesting  cycle  does  not  follow 
the classic idea of a reversed-J diameter distribution. In this aspect results also devi-
ate from the ones suggested earlier for uneven-aged Scots pine. 
Harvesting costs were excluded in the optimization. However, it is reasonable to ex-
pect that, from an economic point of view, a harvesting regime with longer cutting 
cycles and higher saw timber volume yield will outweigh a short-cycled single-tree 
selection regime also, when harvesting costs are included. The effect of fixed costs 
on the profitability of harvesting is significant, particularly with shorter harvesting 
cycles. Thus, adding harvesting costs in the optimization would hardly shorten the 
optimal cutting cycle. The opposite might again be possible. 
It is worthwhile to keep in mind, that the results presented in this thesis are purely 
theoretical by nature. They are based on the latest growth modeling of Finnish une-
ven-aged Scots pine and on theoretically sound, long-term economic optimization. 
The results give an accurate and theoretically correct picture of the optimal stand 
structures within the limits of the growth model. Yet, even though the applied growth 
model is based on empirical data, no empirical results exist on managing such a stand, 
as proposed in this thesis. In addition, no stochasticity is considered in the model. 
The individual tree growth model applied includes some risk of overestimating the 
number of ingrowth trees, and consequently the volume yield. This risk emerges 
from an application of two growth model functions, which compatibility can be ques-
tioned. 
Only one species stands are optimized. The inclusion of other species in optimization 
would generate further understanding of the dynamics of uneven-aged stands. So far, 
no dynamic optimization for mixed-tree species has been conducted for Finnish une-
ven-aged stands. 
Another important aspect ignored in this study is amenity values of uneven-aged 
forests. Continuous cover forestry has been seen to offer besides economic, also eco-
logical and aesthetic benefits. Inclusion of amenity values in the optimization would 
most likely increase the economic performance of uneven-aged management. 
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APPENDIX I 
Objective function for maximizing annual volume yield over different harvesting 
intervals (k): 
 
 ???
?????????,…???????,…?? ?   ??
?
??? ?
? ???????????????? ? ????????????????
?
???
? ??? 
 
subject to 
?????? ? ????,???? ? = 0,1, … 
???????? ? ?????(??? ??)? ???? ? = 1, …?? ? = 0,1, … 
 
?????? ? ?????,???? ? = 0,1, … 
???????? ? ??? ? ??(??? ??)? ? = 1, …? ? 1, ? = 0,1, … 
 
???????? ? ?????? 
???????? ? ?????? 
 
?? ? 0, ? = 0,1, … 
?? ? 0, ? = 0,1, … 
?? = 0? ????? ? ?, 2?, 3?, … ,??????? ? ???????????????, 
 
where k refers to a given, exogenous harvesting interval in years. Forest stand is as-
sumed to be in a steady state. 
APPENDIX II 
Objective function for maximizing volume yield in an infinite time horizon: 
 
 ???
?????????,…???????,…?? ?   ??
?
??? ?
? ???????????????? ? ????????????????
?
???
?
?
 
 
subject to 
??? ???? 
?????? ? ????,???? ? = 0,1, … 
???????? ? ?????(??? ??)? ???? ? = 1, …?? ? = 0,1, … 
 
??? ???? 
?????? ? ?????,???? ? = 0,1, … 
???????? ? ??? ? ??(??? ??)? ? = 1, …? ? 1, ? = 0,1, … 
 
?? ? 0 
?? ? 0, ? = 0,1, …, 
 
where q, as 0<q?1, refers to the linearity of the objective function. Harvesting cycle 
is 5 years.
  
 
APPENDIX III 
Objective function for maximizing average annual steady state revenues over differ-
ent harvesting intervals (k): 
 
 ???
?????????,…???????,…?? ?   ??
?
??? ?
? ?????????????????? ? ??????????????????
?
???
? ??? 
 
subject to 
?????? ? ????,???? ? = 0,1, … 
???????? ? ?????(??? ??)? ???? ? = 1, …?? ? = 0,1, … 
 
?????? ? ?????,???? ? = 0,1, … 
???????? ? ??? ? ??(??? ??)? ? = 1, …? ? 1, ? = 0,1, … 
 
???????? ? ?????? 
???????? ? ?????? 
 
?? ? 0, ? = 0,1, … 
?? ? 0, ? = 0,1, … 
?? = 0? ????? ? ?, 2?, 3?, … ,??????? ? ???????????????, 
 
 
where k refers to a given, exogenous harvesting interval in years. Forest stand is as-
sumed to be in a steady state. 
  
 
 APPENDIX IV (1/6) 
Figure 1A. Dynamic steady states (site MT1300), when maximizing present value of 
stumpage revenues with 1 % and 3 % discount rates. Harvesting cycle is 5 years. A 
nonlinear approach is applied in optimization. Four different initial stand states are 
optimized. 
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Figure 2A. Dynamic steady states (site MT1300), when maximizing present value of 
stumpage revenues with 1 % and 3 % discount rates. Harvesting cycle is 5 years. A 
linear approach is applied in optimization. 
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 APPENDIX IV (3/6) 
Figure 3A. Dynamic steady states (site MT1300), when maximizing present value of 
stumpage revenues with 1 % and 3 % discount rates. Harvesting cycle is 20 years. A 
nonlinear approach is applied in optimization. Two different initial stand states are 
optimized. 
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Figure 4A. Dynamic steady states (site MT1300), when maximizing present value of 
stumpage revenues with 1 % and 3 % discount rates. Harvesting cycle is 20 years. A 
linear approach is applied in optimization. 
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Figure 5A. Dynamic steady states (site MT1300), when maximizing present value of 
stumpage revenues with 1 % and 3 % discount rates. Harvesting cycle is 40 years. A 
nonlinear approach is applied in optimization. Two different initial stand states are 
optimized. 
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 APPENDIX IV (6/6) 
Figure 6A. Dynamic steady states (site MT1300), when maximizing present value of 
stumpage revenues with 1 % and 3 % discount rates. Harvesting cycle is 40 years. A 
linear approach is applied in optimization. 
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APPENDIX V (1/2) 
 
Figure 7A. Saw timber yield function applied for site type MT (Myrtillus). The graph 
presents yield in liters, the equation in cubic meters (m3). 
 
Figure 8A. Pulpwood yield function applied for site type MT (Myrtillus). The graph 
presents yield in liters, the equation in cubic meters (m3). 
diameter, cm
0 10 20 30 40 50
sa
w
 v
ol
um
e,
 li
tre
s
-200
0
200
400
600
800
1000
1200
1400
1600
1800
data 
model  V1in litres
160
3 256
1
3623 35332 777
1
48 547
1000
.
s
..
d
.v
?? ? ? ?? ? ?? ??
diameter, cm
0 10 20 30 40 50
pu
lp
 v
ol
um
e,
 li
tre
s
0
20
40
60
80
100
120
140
160
data 
model V2  in litres 2
2
110 57524 954
15 7971
12 562
1000
s
..
d .
.v ( in m )
?
?? ?? ? ?? ??
  
 
APPENDIX V (2/2) 
 
 
Figure 9A. Saw timber yield function applied for site type VT (Vaccinium). The 
graph presents yield in liters, the equation in cubic meters (m3). 
 
 
 
Figure 10A. Pulpwood yield function applied for site type VT (Vaccinium). The 
graph presents yield in liters, the equation in cubic meters (m3). 
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